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Up to the present time few theorems of a general character for the con- 
vergence of continued fractions with complex elements have been obtained, and 
these few are of very recent date. -In the first section of this paper such theorems 
upon the subject as are known to the writer are brought together for the pur- 
pose of indicating the present state of our knowledge, and the scope of the 
paper is also explained. Some new criteria for convergence are then deduced 
in the succeeding sections. The results obtained are summed up in theorems 
1-10, which may be read independently of the rest of the paper. The demon- 
stration of these theorems is based upon certain equations, Nos. 3-8, 11, and 12, 
which seem to be new and of a fundamental character. 


I. Summary of previous criteria for convergence. 
$1. Two classes of continued fractions 


+A, +A, + 


with real elements are commonly treated in mathematical writings. In the first 
class all the elements are positive: in the second the numerators of the partial 
quotients are negative and the denominators positive. 

Complete criteria have been obtained for the convergence and divergence of 
continued fractions of the first kind. If, namely, the fraction is thrown into 
the form 

2 
@,+4, + 


(a, = 0), 


it will converge when }oa, is divergent; on the other hand, if }°a, is conver- 
gent, the even convergents have one limit and the odd convergents have another. 
No criteria of equal generality have been obtained for the second class of con- 
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tinued fractions. The principal theorem, however, establishes the convergence 
of the fraction when A, =1 + |u,!.* 


$2. The convergence-theorems for continued fractions with imaginary ele- 
ments may be regarded as generalizations of these theorems for real continued 
fractions. In 1898 PrincsHEemm + showed that the condition |A,|=1 + |u| was 
sufficient to ensure the convergence not only of continued fractions with real 
elements but also of those containing complex elements. If, furthermore, the 
continued fraction has the customary normal form in which «4, = 1, this condi- 
tion may be replaced by the less restricted one : 


1 1 
In this modified form PRINGSHEIM’s criterion is applicable to the continued frac- 
tions of Hurwirz,t in which the partial denominators are complex integers. 
The only extension of the convergence-theorem for the first class of real con- 
tinued fractions is contained in a remarkable and extended memoir by STIELT- 
JES,§ published in 1894. STIELTJES considers the fraction 


1 1 1 1 


a, + +4, 


and shows that when }°a, is divergent, it converges over the entire plane of z 
with the exception of the negative half of the real axis. On the other hand, 
when }-a, is convergent, the even and the odd convergents separately converge, 
the limits of their numerators and denominators being holomorphic functions of 
genre 9 whose roots all lie upon the negative half of the axis. 

From a function-theoretical standpoint this result is of great importance. It 
also calls attention anew to the fact that algebraic continued fractions commonly 
have a more extended region of convergence than the corresponding infinite 
series, and hence have, at least prospectively, a wide field of usefulness. The 
convergence-proofs of STIELTJES are most admirable, both by themselves and in 
relation to the theory of functions. When, however, they are considered solely 
with respect to the general theory of continued fractions, they are not entirely 
satisfactory. Not only are his proofs based upon the properties of the conver- 


* For reference to the possibilities when this condition is not fulfilled, see PRINGSHEIM’s re- 
port in the Encyklopidie der mathematischen Wissenschaften. 

TSitzungsberichte der mathematisch-physikalischen Classe der Miinchener 
Akademie, vol. 28, p. 295. 

tActa Mathematica, vol. 11. 

§$ Annales de la Faculté des Sciences de Toulouse, vol. 8, with continuation in 
vol. 9. 
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gents as functions of z,* but the form of his continued fraction is also very re- 
stricted, inasmuch as the ratio of the real to the imaginary component is the 
same in all the denominators of the alternate partial quotients. 

These considerations have led to the present paper. It comprises such results 
as have suggested themselves in seeking to extend the convergence-theorems for 
the first class of real continued fractions to complex continued fractions. 

To complete the historical review, mention should be made of the theorems of 
PRINGSHEIM and STIELTJES relating to continued fractions in which the denom- 
inators of the partial quotients are equal to unity. PRINGsHEIM} proves that 
such a fraction will converge if 


STIELTJES ¢ treats the fraction 


1+1+1 + 
and shows that it represents a meromorphic function when ), approaches zero 
as its limit, and only then. 
Various other theorems pertaining to continued fractions are reducible to the 
foregoing by transformation of the fraction. 


Il. Fundamental equations. 


$3. Let 


be any continued fraction whose elements are complex numbers. Denote by p, 
and q, the numerator and denominator of the n-th convergent, by J/, the mod- 
ulus of g,. If then we put 


= a, + if, Ve + is, 
the familiar laws for the formation of the successive convergents, 


* See, for example, the remarkable preliminary theorem which he establishes in order to prove 
the convergence of the continued fraction when }-, is divergent and the real part of z is nega- 
tive. Loe. cit., vol. 8, p. J56. 

tSitzungsberichte der Miinchener Akademie, vol. 28. 
tAnnales de Toulouse, vol. 9, p. A, 42-47. 


By By 

+A, +A; + 

{ 

i) 
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may be replaced by 
(2 


8 =as ++ 2+ Br, + 


a n n—l n n— 


with two similar equations for 7’ and s’. 
Squaring and adding equations (2) we obtain next the following fundamental 


relation between the moduli of three consecutive denominators : 


= (a, + (7° + &)M_, 


(3) 
+ 


in which 


(5) D 6 


The form of the last two equations may be modified advantageously by intro- 
ducing in place of r,_, and s__, the expressions which are obtained by the substi- 


tution of n — 1 for n in (2). The equations then become 


(6) 


1 


(7) 


l 
In this form they may be used with (3) to compute W_,, C\_,, D,_, from the 
corresponding quantities of next lower subscript. If also we take 
r=1, r=8 =s =0, 
we shall have 


1 
Hence C\_,, D,_,, -W?_, are each homogeneous linear functions of the 
squares of the moduli 7 with lower subscripts (ultimately of 7? and 7/7), in 
which the coefficients are entire functions of a,, 8,, y,, 6,(i=1, 2, ---,n—1). 
From (4) and (5) we also get the important relation: 
(8) C2,4+ DL, =I, 
$4. To investigate the convergence of a continued fraction recourse is some- 


times had to the equation : * 


P n 1 2 
9 q m qn +1 q 
(Y) 
3 m— 2 m 
) 
at+2int+3 nt+m—l Tn+m 


* HEINE’s Kugelfunctionen, vol. 1, p. 263. 
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in which m is allowed to increase indefinitely. The convergence of a continued 
fraction is thus made to depend upon that of an infinite series. As, however, 
this form of the series is not well adapted to the consideration of cases of alter- 
nating convergence, it will be better to group by twos the terms in the paren- 
thesis of (9). With the aid of the relation 


1 


n+2 n+2 


= 
the series may then be thrown into the form: 


Gn In+2 
(10) 


Two different cases arise according as n is even or odd. If the series con- 
verges in both cases and the continued product of the yw, is convergent and 
greater than zero, the necessary and sufficient condition for the coincidence of 
the two limiting values of the series is that M__,M__, shall increase indefinitely 
with n. The continued fraction then converges in the ordinary sense of the 
term. On the other hand, if 17, ,J/_, has a finite limit, the convergence is of an 
alternating character. 

The series (10) has the advantage over (9) that it is frequently absolutely 
convergent when the latter is only conditionally convergent. 

Either series loses its significance if g, vanishes in one or more of its terms. 
Should this, however, happen only a finite number of times, the continued frac- 
tion may still converge, for the objectionable terms can be removed from the 
series by increasing n sufficiently. 

In one other particular the convergence of a continued fraction requires special 
comment. The removal of the first + partial quotients u,/, may change a con- 
vergent continued fraction into a divergent one, or vica versa. Adopting a term 
proposed by PrincsHeErM,* we shall say that the convergence is unconditional 
when it is not affected by the removal of any finite number of partial quotients, 
beginning with the first. 


Tr 


§ 5. Besides discussing the convergence of the fraction, we shall in certain 
eases determine the signs of its real and imaginary parts. For this purpose let 
p,/q, be thrown into the form: 
+ 8,8, + i(7,s, 

M? 


7) 


* For a further discussion of unconditional convergence consult the memoir of PRINGSHEIM 
previously cited. 


q 6 

| 

j 
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If we then place 


and combine these equations with (2) and the two analogous equations for r’ 
and s’, we obtain 
K, = (a, + + (42 + &) + 2(a,7, + 
(11) 
+ — 3 
(12) 
+ 
in which 


k Ly = (7, + 7 + _ + 18,,-2)5 

, , , , 


} . > »’ > 


The last set of equations may be simplified in the same manner as (4) and (5). 
They then become 


a 


we n—1’By 
= — — 9,837? — 


and may be used in conjunction with (11) and (12) to find A’, and Z, for suec- 
cessive values of 7. 

It will, of course, be observed that the above equations are similar in their 
construction to equations 3-7. 


III. On the convergence and properties of a certain class of 
continued fractions. 


$6. Our attention in this section will be confined entirely to continued frac- 
tions which have been reduced to the normal form for which y,=1, 6 = 0. 
Equations (3), (6), and (7) then take the simpler form : 


(138) M? = (a? + M? , + M?_,+24,C_,+28 
(14) 


(15) 


a 


= 77, + 
+ hs 
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and the series (10) simultaneously becomes 


We shall first determine what signs for a, and 8 are most favorable to the 

absolute convergence of (16), supposing their absolute values to be given. Since 


n— 
| 


C_, will increase in absolute value with increasing n if the a, have a common 
sign, and D _, will similarly increase if the 8, are alternately of opposite sign 
(each zero value of 8 being included and reckoned with an appropriate sign). 


, and BD, 


are clearly as favorable as possible for the increase of 1/, = ¢,| and hence also 


Moreover aC’ _ will then never be negative. These conditions 


for the absolute convergence of (16). 


$7. In considering the convergence of the continued fraction two cases are to 
be distinguished according as |A,|—that is, |a, + convergent or 
divergent. 

Consider first the former case and suppose either that the a, have a common 
sign or that the 8, alternate in sign. It is immaterial which supposition is 
made because a, and — 8 enter in like manner into the fundamental equations. 
In either case we have from (1): 


+ 


in which is used to represent the larger of the two moduli 


This shows that 


M <M’ TI (14 (a>). 


But by a well-known theorem + (i =1,2,---), converges with 
> A,|. There must accordingly be an upper limit to the value of 17. On 
the other hand, by virtue of the hypothesis concerning a, or £ , either |C_,| 
or |D__,| will inerease with x, or at least not decrease. It follows then from 


(8) that WM _, has a lower limit. This can only be if J/,, which has an 


a—l 
upper limit, has also a lower limit. 

Turning next to the series (16) we see now that it must be absolutely conver- 
gent, since the numerators of its terms form an absolutely convergent series 
while the moduli of the denominators have a lower limit. As also WoW _, 
does not indefinitely increase, two distinct values for the series will be obtained 
according as n is odd or even. We have therefore the following result : 


THEOREM I. Jn any continued fraction 


; 

! 

| 
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(18) a,+ if, +4,+ i8,+a,+ iB, 


the even and the odd convergents will both converge and their limits will be 
distinct if (1) ¥\a, + i8,) is convergent and (2) either the a-constituents have 


a common sign or the B-constituents alternate in sign.* 


$8. In §7 it was shown, and without making use of condition (1), that 
M,_,M_, had a lower limit. An immediate inference from this is that J/, can- 
not vanish for any finite value of n. A like conclusion obviously holds for the 
numerator of the nth convergent, inasmuch as the equations for the formation 
of the successive numerators are similar to those for the denominators of the 
convergents. We have thus a very simple proof of the following theorem: 

THEOREM 2. Neither the numerator nor the denominator of any convergent 
of the continued fraction (18) will vanish if the a-constituents have a common 


sign or if the B-constituents alternate in sign. 


$9. We pass now to the consideration of the case in which >) |a, + if, 
diverges. Let it be first supposed that both a, and 8 are restricted in sign in 
the manner indicated in the preceding theorem. Every term in (13) will then 
be positive or zero, and 1/, must be equal to or greater than M/_, for every 
value of n. Accordingly 1/7 has a lower limit. Furthermore, by our initial 
hypothesis either > \a | or >> |8| must diverge, or both. It follows therefore 
from (17) that at least one of the two quantities, C,_, and D _, increases indefi- 
nitely with n. But by (8) J/_,J/_, must increase in the same manner. If, 
therefore, the series (16) converges, it must have the same limit whether 7 be 
odd or even. 
To prove that (16) does in fact converge, we shall establish separately the 

convergence of the two series : 

= a. = 

Consider first the former. If in computing J/, by formula (13) for successive 
values of » we should equate each 8, to zero, smaller values for J/, would be 
obtained, which we will denote by J/’. Obviously these are successively con- 
nected by the relation : 

M' =\a|M,_,+ M._., 
or by its equivalent 
1 a, 1 


* Zero-constituents are admissible in this and the following theorems, being taken as having 
the signs which belong to the places in which they are found. 


| 
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He wrt 204 Here mm, mel 


This proves that 


converges, and hence also > |\a| W-',.W-'. Similar considerations apply to 
prove the convergence of > 

We conclude, therefore, that the continued fraction has a definite limit, and 
the reasoning evidently holds if the first x partial quotients are omitted. This 
result may be restated in 

TuHeorEM 8. Jf the a-constituents in (18) all have the same sign and the 
B-constituents alternate in sign, the continued fraction will converge uncondi- 


tionally when \a, + is divergent. 


$10. The signs of the real and imaginary parts of the convergents can be 
quickly determined. Equations 13-15 hold when 1/7, C,, D, are replaced by 
K,,h or by Z,, , 


The initial values of these quantities are as follows : 


K,= L,=9, K, =4,, L,= 
KD == =i, ky = 0. 


An easy mathematical induction then shows that all the terms in (13) after 
either of the above substitutions have a common sign. From this we get at once 

THeoreM 4. Jf the a-constituents have a common sign and the B-constitu- 
ents alternate in sign, the real part of any convergent will have the sume sign 
as a, and the imaginary part the same sign as — B,. 

$11. Returning now to the continued fraction of theorem 3, we proceed to 
consider the effect of the admission of a finite number of a-constituents or of 
8-constituents which fail to satisfy the conditions there imposed. It is imma- 
terial whether the exceptional elements occur among the a, or the 8: let them 
occur among the former. 

When ~ is increased, there must be a value—call it m—subsequent to which 
a, and C’_, have each an invariable sign. If they have the same sign, all the 
steps of the proof of theorem 3 will apply after the m-th convergent. This 
will necessarily be the case when > |a,|./°_,(n =1, 2, ---) is divergent. 

There remains for consideration only the special case in which >> a,|.W?_, 
converges and a, and C’_, have opposite signs when » exceeds m. Equa- 
tion (13) then gives 


+ 


M? = M?_, —2\a,C_|| 


a 
Lowy 
4 
| 
| 
| 
q 
| 
| 
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whence by combination with (8) we obtain 


ja 
(19 M=M?_, (1 ) 


Now since >> a, M* -1 


hand, |)_,|, which never diminishes, will have a finite lower limit after some 


converges, |C’_,| has an upper limit. On the other 
fixed value of x, unless it is equal to zero for every value of ». This excep- 
tional case will not occur if there is an infinite number of values of x for which 
8 | > 0, as we will suppose, neither can it occur if there is a single such value 
greater than m, inasmuch as JZ) ,>> 9. An upper limit must therefore exist 
for (C?_, + D®_,). Sinee also |a,| /?_, diminishes indefinitely with in- 
creasing x, the second term of the binomial in the last inequality may be 
made as small as desired. Let m be taken large enough to ensure that it shall 


always be less than unity when n> m. We then have 


C. 


m+ 
i i—1 


If in the last expression ” is indefinitely increased, the product [] must be con- 
vergent since >> is convergent and |C._,|/(C?_, + D?_,) has an upper 
limit. Moreover, by a well-known theorem the limiting value of Il must be 


i-1 


greater than zero. Hence /.,, has a lower limit, and the same is true of J/, 
since m may be taken to be either odd or even. 

The convergence of }> a,| may next be quickly argued. This follows from 
the fact that the terms in the convergent series Sa W*_, have ultimately a 
common sign while ./) has a lower limit. Now by our original hypothesis 
a,+ was a divergent series. This necessitates that >> |8 | should like- 
wise diverge. But when this diverges, |) _,| increases indefinitely and with it 


To demonstrate the convergence of the continued fraction, it remains only to 


l 
simultaneously _ 


prove that (16) converges. This can be quickly done. For, on the one hand, 
> a,|M—',M—" obviously converges. On the other hand, if each a, is replaced 
by zero, >> |8 | will converge, as we saw in $9. But from (19) it is 
clear that the presence of the a-terms in (13), when it does not actually increase 
the value of .W_, will cut it down in a ratio not exceeding 


aC 
1:(1- ). 


It has also been shown that the product of all such ratios for which n exceeds m 


is convergent. The restoration of the a-terms will therefore not reduce the 
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value of WZ (n> m) by more than a certain fixed part of itself. Since this in 
no wise affects the convergence of > |8 | .W—',.W-', the series must still converge. 
This completes the proof. 

The conclusion reached can be summed up as follows: 

THEOREM 5. The continued fraction of theorem 3 will still converge if a 
finite number of the a, or of the B, are admitted which fail to satisfy the con- 
ditions there imposed, provided that after the last irregularity there is at least 


one value of n for which B , respectively a, is not equal to zero. 


$12. The criterion of theorem 5 differs from most or all criteria hitherto 
given for the convergence of continued fractions in that it admits a finite 
number of irregularities whose positions in the continued fraction are entirely 
arbitrary. This raises the question whether an infinite number of exceptional 
values of a, might not have been admitted into the continued fraction, or, in 
other words, whether the condition imposed upon f, was not in itself sufficient 
to ensure the convergence of the continued fraction, as in the case when 
X|a, + i8,| converged. That this, however, is in no wise true, can be shown by 
constructing divergent fractions in which all the 8-constitutents fulfill the condi- 
tions imposed in the theorem. 


Consider, for example, a continued fraction in which 8 is equal to zero for 


n 


an infinite number of values of but not for all values. When 8 = 0, we 


C_\ aD? 


Let now a, be so chosen that the term in the parenthesis shall vanish. This 
makes |D-'| = |a,|.W—', M-'. If the values of the 8, which do not vanish 
fulfill the requirements concerning their signs and are also so chosen that |D _, 
shall have an upper limit, the terms of (16) cannot all decrease indefinitely with 
increasing x. The series (16) and the continued fraction are in consequence 


have 


divergent. 


$ 13. The restriction upon the signs of a, in theorem 3 may, however, be dis- 
pensed with if we assume that |8|/\a,| has a finite lower limit. The proof of 
the convergence of the continued fraction is then not so simple. 

The first step will be to show that | | increases indefinitely with n. Suppose, 
if possible, that the contrary is the case. It will be recalled that the signs of 
the 8 were so restricted that |D|= ,. If ¥\8 | , converges, 
> /|a,|7?_, must likewise converge in consequence of the above assumption. 
Now it was shown in $ 11 that when the latter converged, 7, had a finite lower 


limit. It follows that }°|8)| should be convergent. But, on the other hand, 


} 
| 
q 
4 
{ 


226 E. B. VAN VLECK: ON THE CONVERGENCE OF [July 


the assumption of a lower limit for |8 | /\a,| and the hypothesis that 5 a, + if, 
diverges, together necessitate the divergence of }>|8|. This involves a contra- 
diction. We conclude, therefore, that |),| must increase indefinitely, as stated. 
Equation (8) shows that M/_,M_., also increases without limit. 

To establish the convergence of (16) it clearly suffices to demonstrate the 
convergence of > |8M-';M-'. Let ’-' be a lower limit to the value of 
Equations (17) show at once that 
by (8) that 


whence it follows 


M 
When a, and C_, are of like sign for any value of n, we have from (13), 


l 


M? > +28 D a? M* 


The combination of this inequality with the preceding gives 


8 MV 
or 
1 3 1 
(21) + 


l 


The last inequality will also hold when a, and C’_, have opposite signs if 


the expression a*_V/- , + 2a C in (13) is positive. The only possible excep- 
] 


tions therefore occur when a_ differs in sign from C’_, and 


Ay 
In this case, if we put 
(22) a =—(1l+4+7) we 


l 


the absolute value of «, will be less than unity. The combination of the last 
equation with 


C,=—a ,+C_, 
then gives 
a 4° 
Hence the necessary and sufficient condition that a®M?_,+ 2a C\_, shall be 


negative is that |C,| shall be less than |\C_, 

Even when this condition is fulfilled, the inequality (21) may yet hold. This 
will, for example, be the case whenever |C’_,| falls below a certain fixed part 
of |D 


less than unity which satisfies the equation 


For suppose D_,|, where k’ denotes the positive number 
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1 — kk’ 1 
Then simultaneously 


VW, 
al<iigi, 
Since also kk’ < 1, it follows that 
2\8 
D_, 


The combination of the last inequality with (13) shows immediately that (20) 
and (21) also hold. 
When for any value of » the inequality (21) is not valid, we shall substitute 


the expression (22) for a, in equation (13). This equation then takes the form: 


(1 © 
M? = _, +28 D ar Ve 
Since also 
this gives 
2\8 
in which 
1 
9S y= 


It follows then « fortiori that 


(24) > B 

$14. For every value of n there is, then, an inequality of the form (21) or 
(24). Let these inequalities be arranged in order for successive values of n. 
When thus arranged they may be divided into sets according to the value of 
D | in the following manner: Let be any fixed value greater than unity. 
Denote also by x, the first value of » for which D, =c D, |, by n, the first suc- 
ceeding value for which |D|=c*D,, ete. Then the first set is to comprise all 
the inequalities which precede the one in which n = n,: the second set is to be- 
gin with the latter inequality and to continue until » = n,, and so on. 

Since |D|<W_..W, the left hand member of the first inequality of the 
(r + 1)-th set can not be greater than 1 J), c’, and the sum of all such left hand 
members will therefore be less than a convergent geometrical progression. 
Consider now any set by itself, and let each inequality contained therein be 


| 
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multiplied by the product of the y, which occur in the preceding inequalities of 
the set. If the inequalities thus modified are added together, each left hand 
member except the first will be canceled by the last term on the right hand side 
of the preceding inequality. The sum of the uncanceled left hand members 
will accordingly be less than the above geometrical progression. 

It will be shown immediately that the product of all the y, which occur in 
any set has a finite lower limit Z independent of the number 7 which specifies 
the set. Granting this to be true, if we add together the various sets of inequal- 
ities, the sum of all the first terms on the right hand side of the inequalities 
will be greater than 


L = B 
k+1 


u=1 4 


As this sum is less than the above geometric progression, > |8 | /—',1/7—-' has 
a finite limit. The same must be true of the series (16). Since also WW _, 
increases indefinitely, the limit will be the same whether x is odd or even. The 
continued fraction will therefore converge. 

It remains now only to establish the existence of the lower limit Z. Let 
m,, m,, m,, +++ denote in order the values of » which specify for any set the 
inequalities which are of the form (24). From inspection of (23) it is clear that 
the product of the y, will have a finite lower limit if 


has an upper limit. Since |) | never diminishes, 
C?_.+ >Di 
for each term of this sum, while in the first term 


|< k'|D ‘ 


my—1 
We have also previously seen that C, = — x,C’_, for each of the above values 
of n. Hence if the ratio 


is denoted by «,, the series (25) will term by term be less than 


The expression here in parenthesis obviously has a value not greater than 1 
when each «, is placed equal to unity. Hence its original value can not exceed 
the product of all the «* which are greater than unity. Our problem is thus 
reduced to showing that this product has a common upper limit for the various 


sets of inequalities. This can be quickly proved. For when |C’| inereases 


Oke 
(25 ( ily, Ma, °**) 
) OE: 1? Mls 
| m, 
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from |C’, | to -1 C,\|, an increment is given te which is at 

least equal to the increment of |C’| divided by %. Since also for each of the 

values of under consideration can not fall below the sum of 


the increments given to |) must exceed 


D,, > («, —1). 


On the other hand, as soon as this sum reaches ¢ D,, , or before, a new set of 
inequalities must be begun. Hence for each set 


ke 
> («,— 


But the product Ix, has an upper limit simultaneously with S>(«,— 1). This 
completes the proof. 

It should be noticed that the values of these upper limits and hence of Z de- 
pend only upon & and ¢. 

The result which has thus been reached may be recapitulated in the following 
theorem. 

THEOREM 6. When S\a + if, is divergent, the continued fraction (18) 
will converge if the 8-constituents alternate in sign and the ratio 8: a, has 
a Jinite lower limit,* also if a never raries in sign and \a': 8 has such a 
limit. 


$15. When the second set of conditions of the last theorem are fulfilled and 
a |=|8 | for every value of n, the signs of the real parts of any convergent and 
hence of the continued fraction can be determined without difficulty. For con- 


for W?, C,. D, in (13). 


ay 


sider the equations obtained by substituting A’,, / 
It will be found that the only term which varies in sign is 28 Ai~', and the 
absolute value of this term is less than that of 2a,/:'~'. The following result 
will then be evident. 

THeorEM 7. Jf a, has a constant sign and \a\=\8)\ for all values of n, 
the real part of any convergent and hence of the limit of contin ued Fraction 
will have the same sign as a,; if 8, alternates in sign and |B |= \a,|, the sign 


of the imaginary part is opposite to that of B,. 


IV. On a certain class of algebraic continued fractions. 
$16. Application of the results of section III. may now be made to algebraic 


continued fractions. Consider first any fraction of the form 


* “‘Untere Grenze’’ (WEIERSTRASS); not necessarily a value which the ratio approaches when 
n increases indefinitely. 


_ 
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1 1 1 
dz dz + dz + oes 


in which the d, are real numbers alternately positive and negative. 

Theorem 6 is applicable only when > |d | is divergent, and shows that the contin- 
ued fraction converges over the entire plane of z with the exception of the whole 
or a part of the real axis. Theorem 2 proves that the roots of the numerators 
and denominators lie only upon the real axis. Above and below the axis the 
convergents are therefore analytic. That their limit is also an analytic function 
can be seen from the series (16). For since the individual terms of (16) are ana- 
lytic, it suffices, by a well-known theorem of WerEeRSTRASS,* to prove that the 
convergence is uniform. Take any circle (22) whose boundary lies wholly above 
or below the axis, and let 1/4 denote the smallest value of |y| / || for this circle. 
Then since a, =k'8,| throughout (72), we need only to demonstrate the uniform 
convergence of .W-' If in $$ 13 and 14, replaced by 4, its maxi- 
mum value within (/?), the reasoning of these paragraphs will be seen to hold 
for every value of z within the circle or upon its boundary. The number Z, 
which depends only on / and ¢, is moreover independent of z. If |D,| denotes 


the smallest value of | for the circle (/?), the series 


L 
> |8,| 
will be less, term by term, than a geometrical progression whose first term is 
D-' and whose ratio c~' is less than unity. It follows that 3 | MM" is 
1 i “ a—2 n 
uniformly convergent. The continued fraction therefore represents an analytic 


function. 

The position of the zeros of this analytic function can be quickly determined 
from theorem 2. For when a sequence of rational functions—in the present 
case the convergents—converge uniformly to an analytic function as their limit, 
the zeros of this function are the condensation-points of the zeros of the 
rational fractions.¢ The analytic function defined by the continued fraction 


therefore can vanish only for real values of z.” 


$17. When ¥ || is convergent, the even and the odd convergents define 
distinct functions. Theorem 1 shows that they converge over the entire plane 
with the possible exception of the real axis. Not only is this true, but in either 
sequence of convergents the numerators and denominators separately converge, 
and their limits are holomorphic functions. This may be demonstrated as 


follows: 


* WEIERSTRASS, Abhandlungen aus der Functionenlehre, p. 73 ff.; or HARKNESS AND MORLEY, 
Analytic Functions, § 81. 
t HurRWITz, Mathematische Annalen, vol. 33, p. 249. 
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The denominators of the convergents, also the numerators, contain alternately 
only odd and even powers of z, and in each one the coefficient of 2”, when it 
does not vanish, consists of certain products of the d taken r atatime. By 
the aid of equation (1) it can be easily shown that the products which figure in 
the coefficient of z” in the denominator (numerator) of the nth convergent are 
included among the products which make up the corresponding coefficient of 
the second succeeding denominator (numerator). Hence as » is indefinitely in- 
creased, the coefficient of any power of z tends to take a definite limiting form. 
But by virtue of our initial hypothesis [] (1+ |d,|z) converges for every finite 
value of z. It may therefore be expressed as a series }°c 2” which likewise con- 
verges over the finite plane, and the coefficient ¢ is the limit of the sum of all 
the partial products of the |/ | taken at atime. As is obviously greater 
than the limit of the coefficient of 2” in either sequence of alternate numerators 
or denominators, the limits of the latter must be holomorphic functions. 

It will be observed that this conclusion always holds when ¥\d\ is conver- 
gent, irrespective of the conditions imposed upon d, in our continued fraction. 

In the special case under discussion the position of the roots of the limiting 
functions can be inferred from theorem 2 in the same manner as when > |d 
was divergent. Theorem 7 may also be applied for a part of the plane. 

Before summing up our results, it will be advantageous to transform the 
continued fraction so as to make the coefficients of the denominators of the 
partial quotients positive. We have then the following theorem. 

THEOREM 8. Jf any algebraic. continued fraction has the form 


bz bz 


and every element b, is positive, the continued fraction will have the following 
properties : 

(a) The zeros of the numerators and denominators of its convergents all lie 
upon the real axis of z. 

(b) If ¥\b,| is divergent, it represents a function which is analytic over the 
entire plane with the possible exception of the axis and which vanishes only for 
real values of z. 

(ce) If \b| is convergent, the limits of the numerators and denominators 
of the even, also of the odd convergents are holomorphic functions whose zeros 
lie upon the real avis. 

(d) The imaginary part of each convergent or of the limiting function will 
have a sign opposite to the imaginary part of z in the two quarter planes for 
which \y| = 

The continued fraction of the last theorem can readily be transformed, by 
neglecting a numerical factor, so as to take either the form 


Trans. Am. Math. Soc. 16 


1 1 1 
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1 1 ] 


(dn > 0), 


or the form preferred by STIELTJES and cited in $1. To throw it into the first 
form one has only to put z = iz’. If it is to be reduced to the form of STIELTJEs, 
first put z = w~' and transform so as to remove w from the denominators of the 
partial quotients. Each numerator after the first becomes equal to — w°*. The 
desired form is then immediately obtained by setting — w~* =z and clearing 
the numerators of z’. 


$18. The considerations by which theorem 8 was established apply with little 


change to continued fractions having the form 


1 1 1 1 
+ —bg—e,+-- 


in which the coefficients b, have a common sign. If both 3°) and }c are con- 
vergent, [[ (1 + |2,2| + |c,|) is also convergent and can be expressed as a power 
series which converges over the finite plane. As in $17, the numerators and 
denominators of the alternate convergents tend to assume a definite limiting 
form, in which the coefficient of each power of z is the sum of certain products 
of the 4 and ¢ whose moduli are included among the products which make 
up the coefficient of the corresponding power of z in the series for the above 
product []. The limits of the numerators and denominators of the alternate 
convergents are therefore again holomorphic functions. 

If >+ or > \c)| is divergent, some additional restriction must be added. 
Suppose «| 4 to have an upper limit 1. Then at least }°) is divergent. 
Since 

yb. yb. 


a ab, +c, xb +L 


it is evident that 8 |/ a.) has a finite lower limit for any value of z for which 
y >. The conclusions of (4), theorem 8, then follow. Hence 
THEOREM 9. Jf a continued fraction has the form 


1 1 1 1 


in which the coefficients b have a common sign, it will have the following pro 
perties g 

(a) The roots of the numerators and denominators of its convergents all 
lie upon the real axis of z. 

(6) If and are convergent, the limits of the numerators and de- 


nominators of the odd, also of the even convergents are holomorphic functions 


whose zeros lie upon the real avis. 


— | 
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(c) If &b, is divergent and \c\/\b.| has an upper limit, the continued frac- 
tion converges for all values of z which are not real, and it represents a funce- 
tion which is analytic over the entire plane with the exception of the whole or 
a part of the real axis and which vanishes only for real values. 

The reality of the roots of the continued fraction has been previously proved 
by SYLVESTER,* who also shows that the roots of the denominators of two con- 
secutive convergents alternate witheach other. He does not consider the question 
of the convergence of the continued fraction when the number of elements is 


infinite. 


§ 19. The theorems of III. may also be applied to certain classes of irregular 
continued fractions. It will suffice here to give as illustrations two applications 
of this nature. 

THEOREM 10. Jf the elements of an algebraic continued fraction 

1 1 1 

A, +A, +A,4+ 
are all either positive numbers multiplied by z or complex numbers a, + iB, in 
which \a,|/|\B\| exceeds some fired positive number for all values of n, the con- 
tinued fraction will have the following properties : 

(a) None of the roots of the numerators and denominators of its convergents 
will lie within the half plane in which the real part of z is positive, or upon 
its boundary. 

(b) If SX |r! is divergent, the continued fraction represents within this half 
plane an analytic function which does not vanish at any point in its interior. 

(c) If XA) is convergent, the limits of the numerators and denominators 
of the even, also of the odd convergents are holomorphic functions whose roots 
lie without this half plane. 

The second class of irregular algebraic continued fractions is that in which 
the even (odd) denominators of the partial quotients are all positive numbers 
and the odd (even) partial denominators are positive numbers or such numbers 
multiplied by z. The region of convergence covers the same half plane and 
the zeros of the numerators and denominators of the convergents and of the 
limiting functions lie upon the negative half of the axis. The continued fraction 
of STIELTJES is the special case in which z appears in every odd denominator. 
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* Philosophical Transactions, vol. 143, part I, p. 497. 
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GEOMETRY WITHIN A LINEAR SPHERICAL COMPLEX * 


PERCEY F. SMITH 


Introduction. 


The following pages are devoted to the study of a point-sphere correspondence 
of involutory character, which appears as direct generalization from a certain 
point of view of the well known point-sphere correspondence arising in a dilata- 
tion and the point-point correspondence of spherical inversion. Problems result- 
ing from the establishment by this correspondence of a spherical contact trans- 
formation are discussed. 

Elsewhere in the Transactions} I have shown the importance to the 
higher spherical geometry of the involutory contact-transformation here studied, 
for its relation to the group of all spherical contact transformations is precisely 
that of spherical inversion to the group of the geometry of reciprocal radii. 


The titles of the sections indicate to a great extent their contents. 


$1. Point-sphere correspondence P definition and discussion. 


The equatio directrix in the rectangular point cobrdinates y, 2, VY, I’, Z, 

(1) 


establishes in space /2, the most general involutory point-sphere correspondence I 
such that the o* coaxial systems determined each by a point and its associated 
sphere intersect in a fundamental sphere c, viz., #? + y7+27=r?. Under (1) 
the point P(x, y, z) corresponds to the sphere S of center x’, y’, z’ and radius 
r’ where 

(2) (1 — x?) 


* Presented to the American Mathematical Society October 27, 1900. Received for publica- 
tion February 23, 1901. 

Tt On surfaces enveloped by spheres belonging to a linear spherical complex, vol. 1 (1900), 
p. 371. 
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(3)* rf = 


The spheres S in question are subjected to a single condition. The elimina- 
tion of x, y, z from (2) and (3) gives 


1+? 
2« 


The c* spheres S, therefore, belong to a linear spherical complex A whose 
fundamental sphere is ¢ and whose “ constant ” equals «. 

Special features of I' are the following :—Points on o correspond to them- 
selves. Points on the sphere o,(0, 0, 0, —7,«,) give the o* planes of A, and 
these all touch the sphere o/(0,0,0,—v7,«). The sphere co, belongs to A. 
Any point of 72, at infinity and not on the imaginary cirele C corresponds to 
c,, while a point P of C gives the @' spheres of radius — 7,«, whose centers lie 
upon the line joining P with the origin. Therefore the fundamental configur- 
ations of T are the points of Cin #2, and the sphere o, of A. 

A property of the correspondence of prime importance is established by the 
equation 

(4) 
(1 — — + (Y, — 2277] 


(at + + Zs — (x5 + — 


in which 2,, and S,(a#), are taken as corresponding to 
P (15 Yys %)+ Po (os Yos 2), Vespectively. This gives 

THeoreM 1. The «' points P of a minimum line intersecting « in P, 
become, under 1’, ' spheres of A touching one another at P,. 

By considering the minimum cone with vertex P, we easily get a second result: 

A sphere S of a linear spherical complex A is touched by w?* spheres of A 
along its circle of intersection with the fundamental sphere.t 

This cirele we call the trajectory circle of S. 

Let EZ be any plane passing through 7, and let the two minimum lines drawn 
in / through P intersect ¢ in p,, p,. Then p,, p, are vertices of a skew 
quadrilateral p,p,P,P, of minimum lines lying in S, while p,p,, P,P, are 
polar lines with respect to S, since the planes p,P,p,, p,P,», touch S at P, 


and P, respectively. Denoting these planes by £,, £,, we have the result: 


*Cf. Transactions, p. 383. For «,=-0, the correspondence is the usual inversion inc. 
Evidently the case «4 — 1 is of no interest. 
TLiz, Mathematische Annalen, vol. 5, p. 207. 
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THEOREM 2. A surface element (P, FE) corresponds under T to two ele- 
ments E,) of the sphere S. The planes | E, intersect 
in the radical plane of S and o, while the circle drawn through P, P,, P, 
is orthogonal to EF, S,o. 

For example, if P is at infinity in # and not on the imaginary circle, then 
(P,, #,) and (P,, £,) are on o, while £,, E,, £ ave parallel. 

If, now, ? moves along the minimum line Pp,, then P, and /, are dis- 
placed on p,P, and p,P, respectively, this being true for any plane / through 

Therefore, 

A minimum line regarded as defined by its w* surface elements becomes 
under T two minimum lines whose plane belongs to A, the three lines inter- 
secting onc. 

The result just stated is of fundamental importance, for we may at once de- 
duce the following properties : 

A sphere s becomes under I two spheres s, and s,, and s,, s,, 8 intersect on 
a. If s degenerates into a plane, then s, 
The spheres determined by P,p,p,P and P,p,p,P are invariant. Hence the 


and s, touch the sphere o,. 


planes tangent to either along its intersection with o must be invariant, i. e., 
must touch the sphere c¢). The conclusion is: 

TuHeoreM 3. The spheres of a linear spherical complex A, with funda- 
mental sphere o and constant «, are invariant under T. The ow? spheres of 
A, tangent to a given sphere s also touch each of two spheres s, and s,, into 
which s goes over by Y. 

From the properties enunciated in this last theorem, I have called the trans- 
formation of space which T' establishes inversion in the complex A,,* and have 
symbolized it by (A,). 

Theorem 2 may be given another interesting form. For if we denote the two 
spherical images of the plane /’ on the sphere S by p, and p,, i. e., the line 
joining p, and p, is that diameter of S which is perpendicular to /’, then the 
spherical inversion in the center P which leaves S invariant transforms p, and 
p, into P, and P, respectively. Thus we liave the result : 

By the spherical inversion with center P which transforms S into itself, 
the spherical image on S of any surface element (P, E) inverts into the 
point P, of the corresponding surface element (P,, £,). 

Next consider all surface elements with common P whose planes intersect 
inaline Z. The special representation of these elements on S gives the points 
of the great circle C whose axis is parallel to 2. Then the transformed ele- 
ments lie along the small cirele ¢ on S into which C inverts in the center P. 
The cirele ¢ intersects the trajectory circle of S orthogonally, since its plane 
passes through the pole of the radical plane of P and S with respect to S. 


*Cf. Transactions, vol. 1, p. 376. 


j 
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The results established in this section hold with certain obvious exceptions for 
any number of dimensions, although the reasoning here given has been restricted 


to the case of ordinary space. 


§ 2. The corresponding contact transformation. 
We proceed now to find the equations of (.4,) as a contact transformation. 
} 

For convenience, we write in (1) #,, for x,y. 2, and similarly for 
X, ¥,Z. As coordinates of the surface element (P?, /’) we may take 
Pi> Po» Ps or (*, P) 
if p,:p,:p, determine the direction of the normal to #. Let (P, /) become 
(X, P) by (A,); then we have to determine Y and 7 from the equations + 

o® 


0, pP,+ =0 i=1,2,3), 


(5 
ax. 


after elimination of p. 
The result is 


(6)* i — & 


where 


To these may be added, if S°’= P?, 


s(u + &) — 281 
(4) a= 


The equation s(« + 6) — 287 = 0 defines the congruence of spheres of radius 
6 and with centers on the minimum cone whose vertex is the center of c. 

The element (?, /) is invariant when, and only when, P is on o(u = 7°) and 
F is tangent to ¢,(1 —6s=0). This result shows that the spheres of the com- 
plex A, are unchanged by (A,) as already stated. 

The following special results are to be noted, and may be readily verified. 

An element (P, /’) such that P is on o and & belongs to A transforms into 
co' E’)’s, where is a minimum plane, and any point on the minimum 
line in through P. 

An element (P, £’) belonging to o, gives the 
*Cf, LIE-ENGEL, Transformationsgruppen, vol. II, p. 181. 
{ Transactions, loc. cit., p. 385. As remarked above, /==0 gives inversion inc. 


‘elements of at infinity. 


4 

{ 

‘ 

$2 Dns 

p,(u— &) — 2x, (1 — os) 2,3), 

4 

| 

i 

| | 


238 P. F. SMITH: GEOMETRY WITHIN [July 


An element (P, /) of the imaginary circle at infinity goes over into the o” 
elements of the sphere into which P inverts under (A,) ($1). 


$3. Duality of the geometry of reciprocal radii and geometry within 
a linear spherical complex. 


The group of the geometry within a linear spherical complex A is that sub- 
group G,, of the general G’,, of all sphere-sphere contact transformations under 
which A is invariant. Any transformation of G,, is compounded of inversions 
in complexes in involution with A. The contact transformation (A,) which 
varries A over into the complex of all points transforms G,, into the group of 
the geometry of reciprocal radii, every transformation of which is compounded 
of spherical inversions. Thus within the general higher spherical geometry, the 
two yeometries mentioned appear equally justified. This result is fundamental 
for what follows. Let us now assign to the infinite region the characteristics 
demanded by the geometry of reciprocal radii. Then the points on the imag- 
inary circle are to be excluded and the infinite region becomes the “ point at in- 
finity.” The fundamental configurations of the correspondence I (§ 1) disap- 
pear, while for (A,) the o*(/, /)’s whose points are on o and whose planes 
touch o} constitute the fundamental configuration. These go over into the «* 
minimum elements (finite). 

We may now mention a number of the more interesting correspondences in 
the two geometries: in each case the first statement refers to the geometry of 
reciprocal radii. 


Surface point locus. Surface F’, enveloped by spheres 
of A. 

Curve of intersection ¢ of f and co. Double curve ¢ of F’ on oc. 

Curve of intersection c’ of f and o,. Developable of bitangent planes to 7’, 


enveloping 
Principal spheres of Principal spheres of 
Minimum developable intersecting o Curfe ¢,, 


in ¢,. 


Singular line of curvature on f, viz., Line of curvature on /’ lying on oc, 


the curve of contact of f with the along which the principal spheres 
circumscribing minimum developable have four-point contact ; this line of 
Ef curvature and the double curve ¢ 


above mentioned constitute the en- 
tire intersection of /’ and o.* 


* This singular line of curvature on any surface f is determined by differentiation and elimina- 
tion. These operations suffice also for the determination of the line of curvature in question on F. 
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Confocal surfaces, i. e., surfaces in- 
scribed in a minimum developable 


Lines of curvature on /. 


Minimum lines on /. 


Surfaces enveloped by co” spheres of 
] 

A and inscribed in a developable, 

whose planes belong to A, along a 


line of curvature on co. 
Lines of curvature on F’. 


Minimum lines on /’. 


The congruence of «? circles orthogonal at once to / and the fundamental 


sphere o intersect /’ also orthogonally, such that each circle cuts /’ in the two 


points of contact of an enveloping sphere ($3). The o' circles of this congru- 


ence intersecting / along any curve trace out upon /’ the corresponding curve. 


It will be remarked that the developables whose planes belong to A, i. e., 


touch the sphere o;, play an analogous role in the geometry here discussed to 


that of minimum developables in the geometry of reciprocal radii. The first 


mentioned surfaces are remarkable for the fact that their lines of curvature 


(non-linear) lie upon spheres concentric with the fundamental sphere. 


Continuing the discussion of the duality, we have as corresponding : 


Curve C, point locus. 


Point of intersection of C and c. 
Points of intersection of C and c,. 


Minimum developable passed through 
C and intersecting o in c. 


Minimum curve, cuspidal edge of mini- 


mum developable intersecting o in c. 


Surface F’ enveloped by «' spheres of 
A, i. e., an annular surface. 


Nodes on 
anes touching F’ along circles. 
Pl touching g 


Line of curvature ¢ on F, along 
which the principal spheres have 
four-point contact, the complete in- 
section of F’ and c. 


Curve 


The locus of centers (x, y’, 2’) of the spheres of A enveloping /’ is found 
from / by the point transformation defined by equations (2), $ 1.* 


The conformal property of transformations of the group of the geometry of 


reciprocal radii is expressed in the geometry of surface elements as follows :-— 
(P, £) and (P, £’’) go over into (P’, £,) and (P’, £’;) such that the angle of 
EE’ equals that of L,//. For definiteness orientation must be assigned to the 


planes in question. Now by inversion in the complex (4,) which transforms ? 
into S, (P, £) and (P, L’) go over into the elements of S, (P, £,) and 
(P,, £,), and P, and P, lie on a circle of S orthogonal to the trajectory circle 


* For a discussion of the locus of centers, see Transactions, vol. 1, p. 383, seq. 


j 
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($1), while the minimum elements of the pencil (?, /),(P, #’), invert into 
the elements common to these two circles. We have then from the results of 
the last part of $1 the 

THeorem. Jf the linear spherical complex A invert by (A,) into the com- 
plee of all points so that (P, become (P,, E,), (P|, on the 
sphere S, and if the circle on S through P, and P* orthogonal to the tra- 


jectory circle intersect the latter in P,, and P’, then the logarithm of the cross 


ratio P| divided by 24 —1 equals one-half the angle of the planes 
E and E', and this cross ratio is unaltered by every transformation of G,,. 
Let, now, a curve C’ invert in (A,) into the annular surface /’ enveloped by 
co' spheres of A. Any curvature strip* along C’ becomes under (A,) a curva- 
ture strip on J’, say along the curve c on /’. By the theorem of JOACHIMs- 
THAL, any strip along C’ intersecting that mentioned under a constant angle is 
also a curvature strip, therefore inverts under (A,) into a curvature strip on /’, 
and in this way a// non-circular lines of curvatures c on F’ are found. Hence 
the result : 
Theorem of Joachimsthal. Twoecurva- The non-circular lines of curvature of 
ture strips along a curve intersect an annular surface whose spheres 
under a constant angle. belong to a linear spherical complex 
determine projective ranges on the 


circles of curvature.t 
In the same way we get as dual theorems : 


Theovem of Dupin. Any system of If in any system of o* surfaces en- 


co’ surfaces mutually orthogonal in- veloped by the spheres of a linear 
tersect along lines of curvature. spherical complex A the six points 


of contact of every sphere of the 
complex are the intersections of 
three mutually orthogonal circles on 
that sphere whose common ortho- 
gonal circle is the trajectory circle, 
then the annular surface enveloped 
by o!' spheres of A and tangent to 
a surface of the system along a line 
of curvature will touch also a second 
surface of the system along a line 
of curvature. 


*i. e., a system of ' elements belonging to (’ whose normals form a developable surface. 

| This theorem holds for all annular surfaces. But when the enveloping spheres belong toa 
linear spherical complex the non-circular lines of curvature are determined by quadratures, 
for a particular solution of the corresponding RiccATI equation is known, viz., the line of 
curvature c above mentioned. 


| 
| 
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Other theorems of interest might be added to those already given, but 
enough has been given to justify the study of the duality. 

It is evident that the general surface within a linear spherical complex will 
intersect the plane at infinity only along the imaginary circle. Furthermore, 
such a surface will contain no finite minimum element, whence the result : 

A general algebraic surface in the geometry within a general linear spherical 
complex is of equal order and class, cutting the plane at infinity only in the 


imaginary circle, and the enveloping minimum developable is singular. 


$4. The group of inversions in all linear spherical complexes with 
common fundamental sphere. 


If (A) and (A’) are inversions in complexes A and A’ having a common 
fundamental sphere o, then * 


(AA’) = 


where (2) denotes change in orientation and A” also has o for fundamental 


sphere. If «,«',«” are the constants of A, A’, A” respectively, then 


(8) = ° 
K—K 

Now (2) results from (6) and (7) when 6 = o, for then (#; p) becomes 
(2; p) but s changes sign. Hence (Q) plays here the role of the identical trans- 
formation, and we have 

THeoreM 4. The equations (6) define a group G, of contact transforma- 
tions in the parameter «,(6= —7r,«,). The composition law is given by (8). 

We find the infinitesimal transformation U(f) of G 
setting 6 =o + 8t, and obtain 


, in the usual way by 


ép 


(9) 


CPs 


We determine now the invariants of G,. The equation U(f) =90 has the 
six solutions 


* This follows from Theorem 4, p. 378, Transactions, vol. 1 (1900). 


| 

therefore G, is generated by 

“u— of oF of . 
| 
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a. = — a, = om Pas a, = “Ps 
(10) 
B, = al —}p(ut+r) (¢=1, 2, 3), 


connected by the identical relation 
(11) a.8,+4,8, + 4,8, = 9, 


but otherwise independent. Hence 
TueoreM 5. Every function invariant under G, has the form 


F'(a,, a., B,, 


where F' is homogeneous of dimension zero. 

The a, 8 have an interesting geometrical significance. For, if Z is the line 
of intersection of the plane / of (P, /) [(x; p)] with the radical plane of P 
and the fundamental sphere o, then the equations of Z in current codrdinates 
X,, A,, A, are 

a, X, B,, X, a,X,, + B, 
i. e., the a, 8 are the line codrdinates of L. The plane through P perpendic- 
ular to Z is 


aX, + a,X, + a,X, = 0; 


and if C be its intersection with 1, then the codrdinates of C are 


_ 
ai + a,+ a, 
and 
2 


These results give 

THeoreM 6. By the transformations of G, upon any surface element 
(F’, FE) the point P is made to describe the circle orthogonal at once to B and 
the Sundamental sphere, while E turns round the axis of this circle. 

For the codrdinates of the axis, the center, and the radius of the circle in 
question are invariants. . 

The most general system of co‘ elements invariant under G’, will be defined 
by an equation of the form 


1 


(12 F(a,, B,, B,)=9, 


F being homogeneous. 


This equation, however, also defines a line complex, the locus of o* axes 
(a; 8) of the circles of Theorem 5. We are therefore led to a solution of the 
problem :— Zo determine all partial differential equations of the first order 


¥ 
i 
a. 
| 
} 
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the integral surfaces of which cut orthogonally a given system of @* circles 
orthogonal to a given sphere co. 

For the given system of circles is uniquely defined by the line complex formed 
of their axes, (a, 8) i. e., by an equation (11). If then we replace the a and 8 
from equations (10) the problem is solved. * 

The * characteristic function ” of the infinitesimal homogeneous contact trans- 
formation 7’) is 


A =z — 


& (eH of aH of 
vil) 


\ OP; Ox, Op; 


1 


since 


From theorem 5 we see that the o' surfaces resulting from transformation of 
an arbitrary surface by the group G, belong, by the theorem of R1iBavucovr, to 
an orthogonal system. Furthermore, under U/(/) the lines of curvature go over 
into lines of curvature. Finally, Sopuvs Lie has found that the most general 
infinitesimal contact transformation possessing these properties t has for charac- 
teristic function 

H = 8(au + ar, + ar, + ar, +4), 


into which U(/) transforms by a translation. 


5. Generalization to space of n dimensions ; in particular, ton =2. 


The preceding discussion may readily be generalized to 2 dimensions. 
Theorems 1-5 hold, with trivial changes, in general. 

Confining ourselves for brevity to the discussion of the problem mentioned in 
$4 for the case n = 2, we may state the result : 

The most general differential equation of the first order whose integral curves 
cut orthogonally a given system of c' circles orthogonal to a given circle o is 
determined thus :— 


The center of o being the origin and its radius 7,, let the given system of 


circles be defined by the locus of centers 
F(a, 8B, y= 0, 


F being homogeneous in the homogeneous rectangular coordinates a, 8, y. 
Then setting 


* Writing, of course, 
p= 5 q 
ony Ps Ps 
The integration problem of such a differential equation is much simplified by observing that its 
integral surfaces admit of U(f). 
{ Cf. LrE-ENGEL, Transformationsgruppen, vol. 2, p. 263. 
t Vide Leipziger Berichte, 1889, p. 153. Cf. also DarBoux, Legons sur les systémes 
orthogonaux, vol. 1, pp. 56, 72, in which (Aq) is called the transformation de Ribaucour. 
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where 
+ l= + PH 
we obtain the required equation, 


, 


F (x? + 72) +y(ry'—y), 7?) —a(ay’—y), yy ) =0, 


wherein # and y have been written for «, and x,, and F' is an arbitrary homo- 
geneous function. 

The characteristic function for the infinitesimal contact transformation U(f) 
now takes the form * 


$6. Some special cases of the preceding results. 


Inversion in a general linear spherical complex is transformed by a spherical 
inversion whose center lies on the fundamental sphere into inversion in a plane 
spherical complex, i. e., into the transformation of LaGuERRE.t| The funda- 
mental sphere o is replaced by a fundamental plane 7. If 7 be taken for z = 0, 


the point-sphere correspondence I of § 1 becomes 
(13) ® + + (Z +42:7=0, 


and is the most general involutory point-sphere correspondence such that a 
point P and its associated sphere S have a common radical plane. 

The «* spheres S belong to a plane complex / with fundamental plane 7 
and constant « = 1 + «> 2x«,, as before. 

Characteristic properties of the transformation are (1), planes transform into 
planes, the plane at infinity being invariant, and (2), the distance of two points 
P and P’ equals the length of a common tangent of the corresponding spheres. 

Theorems 1, 2, 3 hold here. 

The equations of the contact transformation, i. e., inversion in the complex 
£, with fundamental plane z = 0 and constant «, are readily found as before 


0 
($2). As fundamental configurations of (£,) appear’(1), the surface ele- 
ments whose points lie in 7 and whose planes make with 7 the angle cos~'«, 
and (2), the o* elements of the imaginary circle at infinity. An element of 


(1) transforms into the o' minimum elements along a minimum line, while to an 


*Cf. Sopuus Lie, Geometrie der Beriihrungstransformationen, vol. 1, p. 150. 
tSmitH, Annals of Mathematics, July, 1900. 
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element of (2) correspond the * elements of a plane belonging to #. Es- 
pecially noteworthy is the fact that two elements (P,, /), (P?,, /) having the 
same plane / go over into elements of the same sort, such 
that P,P,= P|P;. This property is expressed thus : 

Tangential distance is invariant under inversion in a plane spherical complex. 

By a spherical inversion elements having a common point (/”?, £), (P?, £,) 
transform into elements of like nature (?’, /'}),(P’, /;), and such that the 
angle of and equals that between and I have elsewhere be- 
spoken for the transformation of LAGUERRE an attention it has not as yet re- 
ceived,* and the analogy just remarked would seem to warrant this. 

Within the general G,, ($3) of all sphere-sphere contact transformations in 
space is contained as subgroup a G‘,, of all such transformations as are com- 
pounded of inversions in plane spherical complexes. This G{, is the group of 


the geometry of reciprocal directions. The contact transformation (7) inverts 
the group G', of all transformations compounded of plane reflections into that 
subgroup G, of G‘, under which the plane spherical complex /’ remains in- 
variant. In this way we establish a duality of the Euclidean geometry (ex- 
cluding similitude) to spherical geometry within a plane spherical complex. 

It is not proposed to develop this question. There is of course much in § 3 
which is valid here, but we have in addition the very interesting correspondence 
of distance to tangential distance. 

The group of ' contact transformations made up of inversions in all plane 
complexes having the same fundamental plane «, = 0 is generated by the infini- 
tesimal contact transformation U/(/) whose characteristic function is 


H = 2v,s, 
i. @., 
U(f) = +p, + p, — 2s 


The general invariant function has the form 


F’ being homogeneous of dimension zero, while every invariant system of o* 
elements is defined by setting any homogeneous function of these arguments equal 
to zero. 

Under the present G, carried out on the surface element (P, /) the point 
P describes a circle c whose center lies in the fundamental plane while / turns 
around the axis / of this circle. 

The center of c is 


*In the Annals of Mathematics, July, 1900. 
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Pi + P: Pit P2 

and its radius equals ,s p,p,(p; + p3)~*. The axis 7 intercepts on OX and 

OY the distances 


Finally, the preceding discussion put us in a position to solve the problem : 
To determine all partial differential equations of the first order whose inte- 


2 


gral surfaces intersect orthogonally a given system of c°* circles whose centers 
lie in a given plane and whose planes are perpendicular to that plane. 
If now the fundamental plane of T is the plane at infinity, the correspondence 


becomes 

The corresponding contact transformation is a dilatation of a point P into the 
sphere S of constant radius @ and center at P, while the problem mentioned 
above becomes this: Zo determine all partial differential equations of the first 
order whose integral surfaces have for normals the lines of a given line com- 
plex.* 


> 


$7. Geometrical definition of the correspondence T. 


The subject under discussion appears in a new light from a definition of the 
fundameutal correspondence (§ 1) now to be established. 

Let P be any point in space and Oa point in , external to 
Then by a spherical inversion in the center O the minimum cone V of 2? ,, 
whose vertex is P transforms into a minimum cone V’ of vertex P’. The cone 


V’ intersects 72, in a sphere S, while the sphere S, into which 2, inverts cuts 


FR, inaspherec. Also V and S intersect ono. Reciprocally, the minimum 


cone in #2 _, with vertex any point P” on S, passes through P’, and hence in- 
verts into a minimum cone containing /. We see, therefore, that the corre- 
spondence of P and S possesses the characteristics of ['. This gives 

THEOREM 7. The point-sphere correspondence T in R, may be thus defined : 

A spherical inversion in a center in R,., external to R, inverts the minimum 
cone of R_, whose vertex is a point P of R, into a minimum cone whose inter- 
section with Ris the corresponding sphere S. 

To proceed to the other properties of I’, we choose the sphere as element of 
R,. The o”*! points P’ of R.., project by minimal projection into the 
o”*' spheres Sof # . In fact, the minimum cone in /?2,, with vertex P’ in- 
tersects /2, in the sphere S. We shall lose nothing in generality by con- 
fining the discussion to n = 2; then /?, becomes a plane 7; and the o°* points 


‘Cf. Sopuus Lie, Mathematische Annalen, vol. 5 (1872), p. 204. 


| 
| 
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P’ of space project into the o* circles C of 7, such that the center of C’ is 
the orthogonal projection of P’ on 7 while the radius of C equals the ordinate 
of P’ relative to C multiplied by “ — 1.* 

The «* points of any surface F’ in 2, project into the o* spheres of a cir- 
cular complex whose curve of singularities is the intersection with 7 of the 
minimum developable circumscribed to #’. In particular, let ’ be a sphere S,. 
If then S, cuts 7 in the cirele o of radius 7, and center O, a simple calculation 
shows that any point on S, projects into a circle in 7 of center ¢’ and radius r’ 
such that 


where 


r(1 


Ff, being the radius of S,. We see then 

THEOREM 8. The points of a sphere S, in R, - project by minimal-projec- 
tion on R into the spheres of a linear spherical complex whose fundamental 
sphere is the intersection of S, and R.. 

Spherical inversion in the sphere S, in /2, goes over into inversion in the cor- 
responding circular complex in 7. Hence the conformal group of point trans- 
formations in /2, transforms by minimal projection into the group of all cireu- 
lar contact transformations in 7. <A plane reflection in /?, becomes inversion 
in a line complex, which, if the plane of the reflexion is parallel to 7, reduces 
to a dilatation. The theorems proved in §$§ 2, 3 in the paper already quoted + 
are readily verified by the known properties of inversions in space. 

If now we consider either of the two commutative spherical inversions (J)) in 
space by which 7 transforms into the sphere S,, then to (J,) corresponds in 7+ 
by the minimal-projection, the inversion in the circular complex A, to which [ 
gives rise as a contact transformation. The main results of the previous sec- 
tions are thus easily established. 

Let C’ be any curve on S,, and denote the minimum developable which 
is the envelope of the minimum cone V whose vertex describes C' by F’’. 
Then F”’ intersects 7 in a curve ¢ which is enveloped by o' circles in the 
circular complex A. The locus of centers of the circles enveloping ¢ is 
the orthogonal projection of C on 7, and ¢ is derived by inversion in a cir- 
cular complex A, from a primitive curve c’, regarded as point locus, which 
is the stereographic projection of C on 7. In particular, if C is a general 
sphero-quartic, the minimum developable in question envelops a system of 
confocal eyclides, and is of order 16 passing 8 times through the imaginary 


* Cf. for further details, Liz, Geometrie der Beriihrungstransformationen, vol. 1, p. 437, or 
KLEIN, Héhere Geometrie, p. 472. 
Transactions, vol. 1 (1900). 
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circle at infinity and containing five double sphero-quartics of which C is one. 
The curve ¢ in 7 is therefore the curve of singularities of the general quadratic 
circular complex, and the properties enumerated in the paper already quoted * 
follow at once. 

We may now state 

THEOREM 9. Given an M_on a sphere S, in R,,,, and let the manifoldness 
which is the envelope of a minimum cone whose vertex describes M_, intersect 
Rin M'_,. Then M'_, is enveloped by ” spheres of a linear spherical 
complex in R, this complex being the locus of the spheres into which the points 
of S, pass over by minimal projection. The locus of centers of the spheres 
enveloping is the orthogonal projection of R,, and may be de- 
vived by inversion in a linear spherical complex from a primitive m, regarded 


as point locus, viz. the stereographic projection of M, on Rk. 


SHEFFIELD SCIENTIFIC SCHOOL, NEW HAVEN, Conn., February, 1901. 


*SmiTH, Transactions, vol. 1, p. 390. 
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A NEW DETERMINATION OF THE PRIMITIVE 


CONTINUOUS GROUPS IN TWO VARIABLES* 


BY 
H. F. BLICHFELDT 


The primitive continuous groups of point-transformations in two variables can, 
by a proper choice of the variables, be transformed into projective groups of 
the plane, a result Liz obtains after determining the canonical forms of the 
primitive groups.¢ This fact can, however, be established from the general 
properties of such groups, and its use leads to a new determination of these 
primitive groups, to show which is the object of this paper. 

A primitive group will be defined as a group which does not leave invariant a 
differential equation of the first order.t Such a group is at least three-para- 
metric, as a two-parametrie group possesses a differential invariant of the first 
order, J say, and therefore an invariant differential equation of the first order, 
(J) = constant.§ 


1. 


It will first be necessary to show that any group in two variables and of 
more than two parameters leaves invariant at least one differential equation, 
which is integral and algebraic in the derivatives dy/dx , d’y/dx? , etc., involved. 

Let Xf = & 0f/0x + » Of/dy indicate any one of the infinitesimal transforma- 
tions of the group. If we “extend” these n times,|| and write y,, ¥, 
for dy/dx, d’y/dz*,---, d"y/dx", and p,q, Py Pos p, for Of dy, 
Of/dy,, Of Oy,, +++, Of dy,, respectively, we easily find these extended transfor- 
nations to be of the form 


Ep + [n, + (n, E)y, Pi + (P.y, + Q.) + (Py, Pr 


* Presented to the Society April 27, 1901. Received for publication March 3, 1901. 
TS. Lie: Vorlesungen iiber continuierliche Gruppen, herausgegeben von Dr. SCHEFFERS, p. 
359. This book will hereafter be designated Continuierliche Gruppen. 
t Invariant differential equation defined in Continuierliche Gruppen, pp. 213-214, and in Differen- 
tialgleichungen mit bekannten infinitesimalen Transformationen, by S. LIE, p. 277. 
§$ Continuierliche Gruppen, p. 228. 
Continuierliche Gruppen,, pp. 213-214. 
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where 


~~ 


—(m+1)Ey, — mE, 

Q,= vit (— 2&, +(— Mes 

Q,, = — — 1) + Ys W) 


the quantities #2 and S being integral algebraic functions of y,, y,, +++, ¥,-2+ 
We shall indicate the x times extended infinitesimal transformation X/ by 


= Ep + 0g+ 
i=1 


Lie has proved that an m-parametric group possesses one, and only one, dif- 
ferential invariant, J, of order less than m.* 
First, let J be of order m—1. Then must the m equations 


(1) = +1 + >on? 


J i=1 oY; 
be independent of each other, & 0f/0x + » Of dy being a type of the m independ- 
ent infinitesimal transformations of the group. For, were they not independent, 
we should have a complete system of fewer than m equations in the m variables 
Ys Which would have as solution a differential invariant of 
degree m — 2 at most, contrary to hypothesis. 

The determinant ) of the m’ coefficients &, 1, 7" of the equations (1) will 
then not vanish identically. If it contains any one of the variables y,, y,, 

then will = 0 be an invariant differential equation,} and by ex- 
amining the form of the quantities 7’ given above, we find that )) must be an 
integral algebraic function of y,, y,, 

The determinant D may be a function of x, y only, say }(x, y), which is 
easily seen to be the determinant of the m? quantities &,,7,,7,,,---, 
n Now, by choosing y for the independent variable instead of 2, 
the transformed determinant D of (1) will be seen to contain + $(dx/dy)""?\"—** 
as the highest power of dx/dy. In this case then, if m > 2, D=0 will be an 
invariant differential equation, integral and algebraic in the derivatives involved. 


* Continuierliche Gruppen, page 230. In the text Jis given by Jn—1. 

tS. Lie, Theorie der Transformationsgruppen, bearbeitet unter Mitwirkung von Dr. F. 
ENGEL ; I. Abschnitt, Kapitel 14. 

t These quantities are the terms of X”—?/ free from the derivatives yi, ¥2, -*+, Yn—2- 


4 
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Next, let J be of less than the (m — 1)-th order. Every differential equation 
J = constant is invariant, and therefore the equation dx = 0 is invariant 
and is of the nth order, say, where n =m —1. 

The various equations : 


dJ dJ dJ dJ 


cannot be identities, since dJ dx is not a differential invariant, there being only 
one such of order less than m, which is here J. Since this is of the (n — 1)-th 
order, only n of the equations 

of 


a—l 
+ > 
Y i=l 


+9: 
Ca CY; 


can be independent, and it is therefore possible to eliminate the quantities 


a /dJ dJ 1 
\ dx Oy dy CY, dx 


in various ways from (2) and thus to obtain equations of the form 


)=9, 
dx 


where the quantities If are determinants of the coefficients &, 7, 7’, ---, 7" and 
are not all zero identically, but must evidently all vanish on account of dJ dx=0. 
Since the determinants // are integral and algebraic in y,, y,, ---, y,,, this must 
be the case with dJ dx = 0, after a possible reduction. 

In all cases then, we have an invariant differential equation, integral and alge- 
braic in the derivatives involved, as stated above. 


Let now 
Ay! + By =0 
be such an equation of least order n, left invariant by a primitive group, which, 
according to definition, does not leave invariant a differential equation of the first 
order. It is supposed that ¢ does not contain any factor which is rational in 
 Wecan show thatn=2. 
The conditions for invariance are that "¢ = 0 on account of ¢ = 0 for every 
infinitesimal transformation Xf of the group. Hence, as 
of 
A'S (Py, + Q.) dy (n>), 


n 


we have 


AX"? = $(aAP,+ X""'A). 


2. 


3 


> 


ad 
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By taking the (a — 1)-th partial derivative with respect to y, of both members 
of these identities we get, after reduction, 


(3) AX*(aAy, + B) = (aAy, + B)(AP, + X""A). 


The equation 
aAy,+B=0 


is therefore invariant. We may suppose that A and B have no factors in com- 
mon containing derivatives. 


Then follows from (3) : 
(4) BX""A= A(aAQ + BP). 


Thus A = 0 is an invariant differential equation of less than the n-th order, 
contrary to hypothesis, unless A is a function of #, y only. Let us therefore 
put B= aAC, C being integral in y,, y,,---, y,_,. The invariant equation 
is therefore reducible to 

y,+ C=09, 


and the equations (4) reduce to 
(5) 
Supposern>3. Putting C= ay'_, + we find that, if ¢>1, 


(P_,—P)a+Xa=0, 


1 


so that a = 0 would be an invariant differential equation, unless a=0. In- 
deed, a could not be a function of «, y merely, as not every 


= —(t— 1) (n€ y, n& _ ”,) 


could be free from y, for a primitive group, where not every & is a function of 
x alone.* 
Thus, 
C=ay_,+8. 


Substituting in (5) we find the conditions 


n(n +1) 


(6) P ja 9 Ey, + R (x, Ys + A* = 0. 


By assuming a, which is integral in y,, y,, ---, y,_., to be of the form 
+ 
*If every £ were a function of x only, the group would leave invariant a differential equa- 


tion of the first order, namely, dz/dy — 0. 


{ 
| 
| 
| 
| | 
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y, being the derivative of highest order contained in a, and substituting in (6), 
we find that £ = 2 and s = 1, besides the conditions 


1 
(7) - = + X'y=0. 


Let 


Substituting in (7) and selecting the coefficients of y;*' we get the equations 


—(2+7r)Ee=0, 


which are impossibilities for every & that is not zero. It is to be noticed that 
e could not be zero and therefore also y, as then (7) would be impossible. 

Thus x > 3 is not the least order of an invariant differential equation of the 
required form for a primitive group. 

The case n = 3, when treated in the same manner, will give similar results. 
The coefficients of y and & in the equations corresponding to (7) will here be 
slightly different from those in (7). 

Thus n= 2. Equations (5) are here 


X'C=0, 
from which we find 
C= ayi+ t+, +8, 


a, 8,7, 6 being functions of x, y only. The invariant differential equation 
is therefore 
(8) + ay; + + vy, + 8=9, 


the reduction of which is our next object. 


A three-parametric group, whose infinitesimal transformations are indicated 
by Xf = Ep + nq, leaves invariant a differential equation of the first order. 
For, if the determinant of the nine quantities &, , ’ is not zero identically, 
we have such an invariant equation as explained in the beginning of § 1, which 
will be of the first order in this case; and if the determinant vanishes identi- 
vally, we have at least one differential invariant of the first order, J say, and 
therefore an invariant equation /(/J) = 0. 

A primitive group must therefore be at least four-parametric. Now, Dr. F. 
ENGEL has shown* that a group with more than three parameters contains at 
least one pair of independent infinitesimal transformations which are permutable. 


* Zur Theorie der Zusammensetzung der endlichen continuirlichen Transformationsgrup- 
pen, Leipziger Berichte, 1886, pp. 83-94. 
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Such a pair, forming a two-parametric subgroup, can, by a proper choice of the 
variables, be given by 
or p,q.* 
In the first case it appears from a theorem by Lie} that the equation (8) can, 
by a transformation of the form 


be changed into the following : 
y,=0. 
This transformation will change into 7, where stands for df/dy. 
In the second case, by imposing upon the equation (8) the conditions that it 
should be left invariant by the infinitesimal transformations p, q, we find that 
the coefficients a, 8, y, 6 are constants. Then, if a + 0, by choosing for new 


variables 
(9) = — Sr, y 
where sa+s8B+sy+6=0, 


we get a differential equation of the form 
(10) + +7 =0 


in place of (8), a’, 8’, y’ being constants. 
The complete integral of this equation is readily found, and can in all cases 
be thrown into the form 


(7,7 


k, and /:, being the constants of integration. Then by changing to new variables 


x, y according to the relations 


the equation (10) will reduce to - 
= 0 


Applying the combined transformations (9) and (11) to the subgroup p, q, 
we find this changed into one or other of the following subgroups, corresponding 
to the different forms of the functions ¢ and y of (11): 


a being a constant. 


* Differentiaigieichungen mit bekannten infinitesimalen Transformationen, p. 425. 
t Differentialgleichungen mit etc., p. 429. 
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Hence, by a proper transformation of the variables x, y, the primitive groups 
of the plane can be transformed into groups leaving invariant the differential 
equation 

d*y 


dx? ~ 


0 


and possessing one or other of the following subgroups: 


On account of the invariance of the equation d*y dx? = 0, these transformed 


groups are projective.* 


4. 


The problem of finding the primitive groups of the plane is thus reduced to 

one of finding all the different subgroups of the general projective group 
Ps Us YPs @Ps Vp 

which do not leave invariant a differential equation of the first order, and which 
contain the two-parametrie subgroups given above. 

Before we proceed it might be well to state a few well known propositions 
about the infinitesimal transformations of a group. 

A set of 7 independent infinitesimal transformations generate an 7-parameter 


group when, and only when, the commutator (Klammerausdruck) of any pair of 
these, as Xf and Yf: 


(AP, FF) = X(T) — F(AP), 


is expressible as a sum of the given infinitesimal transformations multiplied by 
constants. 

If Xf and YF are any two infinitesimal transformations of a group, then is 
aXf + 6¥f also an infinitesimal transformation of the group, @ and 6 being 
constants. 

A primitive group, which is projective, cannot leave invariant a given point 
in the plane, for otherwise the differential equation of the first order defining 
the co’ straight lines through that point would be invariant. 


Now, let the primitive group required contain the subgroup g, xg. The 
transformation 


does not alter the form of the differential equation d*y dx* = 0 and it changes the 


*Continuierliche Gruppen, p. 35. 
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subgroup qg, xq into the subgroup «’p + xyq, xyp + y’q, after we drop the 
accents. 

One of the additional infinitesimal transformations of the group must be of 
the form 

ap + bq + (cx + ey)p + (gu + hy)q = Xf, 
where a and + are not both zero, since it is necessary to have at least one infini- 
tesimal transformation which does not leave invariant the point (0, 0). 

A linear transformation of the variables can now be chosen such that 
ap + bq is changed into p and the subgroup a*p + wyq, xyp + y’g is left unal- 
tered, besides the differential equation @’y/dx* = 0. 

If now 


Xf = p + (cw + ey)p + (gu + hy)q, 

we find by forming the following commutators 

(AP, + xyq) = 2up + yg + + + Blxyp + = FT, 

(AS, + = yp + + xyq) + + 
(AP, IP) + XP, IP) = 6p + + + (48 + 2e)yp 

+ a"(x*p + + B’ + 
that the group required must contain the infinitesimal transformations 


which will be found to generate a group. This group does not leave invariant a 
differential equation of the first order and is therefore primitive. 

If the required group contains more infinitesimal transformations, we can 
assume these to be of the form (¢ + bx + cy)qg. By building commutators as 
above we find that two cases present themselves, viz : 

one additional infinitesimal transformation only, namely, yq ; 
three additional infinitesimal transformations, 7, «7, yq- 
We have now three types of primitive groups, which, by the transformation 


become the following (dropping the accents) : 
Ps YPs — yq3 
(12) P> Us YPs 


The two subgroups p, vq; “p,q are transformed one into the other by ex- 


changing the variables. | We need therefore consider only one of these, as p, yq. 


| 
| 
| 


1901] PRIMITIVE CONTINUOUS GROUPS IN TWO VARIABLES 257 


The transformation = x’ /y’, y=1 ', used above, changes this subgroup 
into yp, xp + yq, after dropping the accents. As in the case considered above, 
we must have an infinitesimal transformation of the form 

ap + bq + (cx + ey)g+g(a*p + + h(zyp + = XT, 
where a and 4 are not both zero. Then from 
(ap + yqs (ap + yg, Xf) — XP) = 2(ap + bg), 
(yp, ap + bg) = — bp, 


we see that the required group must contain the infinitesimal transformation p , 
whether 5 be zero or not. We have now the subgroup p, yp which, by ex- 
changing the variables, becomes the subgroup ¢, xg. This has been dealt with 
above. 

Next, let the required group contain the subgroup xp, yg. We must have an 
infinitesimal transformation of the form 


ap + bq + cyp + exg + + xyq) + h(xyp + = XP, 


a and 6 not being both zero. 
From the commutators 


(ap + yq, (up + yg, Xf) — XP) = 2(ap + bq), 


(xp, ap + bq) = — ap. (yg, ap t+ bq) = — bq, 


we find that the group must contain one of the subgroups p, yq, or q, 7p, 
which have just been considered. 

Finally, let the subgroup p + arg, q7 belong to the group required. One of 
the additional infinitesimal transformations may be of the form 


b(a“p + + + + (ge + hy)p + (lu + hy)q = 


where } and ¢ are not both zero. 
Forming the commutators 


(pt axq, (p+ axq, — (2b + ah)(p + axq) 
= — 3a(b + ah)xq + 38acrp + ag = Ff, 
(p + axq, ¥f) — p + axq) = — + Bq, 
(q, Xf) —h(p + axq) = (6 — ah) xg + + 2yq) +19; 


we find that, if « + 0, we have the subgroup q, xg: and if a = 0, we see from 


(— cep + bq, Xf) = (ba + cy)(— —p + bq) + yp + 


— 
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that we have the subgroup — cp + bq, (bx + cy)(— cp + bq), which can be 
transformed into the subgroup q¢, «gq by a linear transformation of the variables. 
But the primitive groups containing the subgroup q, «gq have been determined 
above. 

There remains to be determined the primitive groups whose infinitesimal 
at least four in number (§ 3)—are of the form 


transformations 
pt (bx + cy)p + (exe + gy)¢q- 


If we bear in mind that all the coefficients of p cannot be functions of x only, 
as we should then have an invariant differential equation of the first order 
dx dy =, and that all the coefficients of g cannot be functions of y only, as 
then the equation dy/dx = 0 would be invariant, we find by building commuta- 
tors that the first two groups of (12) will result. Accordingly : 

All the primitive groups of the plane are represented by the types (12).* 


*Cf. Continuieriiche Gruppen, p. 360. 


| 

| 

| 
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DETERMINATION OF ALL THE GROUPS OF ORDER p 
WHICH CONTAIN THE ABELIAN GROUP OF TYPE (m—2, 1), 
p BEING ANY PRIME* 


G. A. MILLER 


Introduction. 


It is well known that there are just three abelian groups of order p” which 
contain the group of type (m—.2,1); viz. the groups of types (m—1,1), 
(m — 2, 2),(m—2,1,1).+ In what follows we shall therefore assume that 
the groups under consideration are non-abelian. The common abelian subgroup 
of type (m — 2,1) will be represented by //. The operators of the required 
groups must transform those of // according to a subgroup of order p in the 
group of isomorphisms (J) of /7. Our first problem is to determine all the 
operators of order » which are contained in 7. Since the groups of order p* are 
well known we shall always assume m > 4. The groups which contain a cyclic 
invariant subgroup of order p”~ are also known ¢, but we shall re-determine them 
in connection with the other groups since this will not materially affect the work. 

The group /7 contains one cyclic characteristic subgroup of each order of the 
form p* (a=1,2,---,m—8). It also contains one non-cyclic characteristic 
subgroup of each order of the form p*! (a, =2,3,---,m—2). Its other sub- 
groups are cyclic and non-characteristic when p is odd. There are p —1 of 
these of each order of the form p* (a,= 2,3, ---, m—3) while there are p 
such subgroups of each of the orders p and p”~*. When p= 2 these sub- 
groups of orders 2 and 2”~* are the only non-characteristic subgroups of /7/. 
All the non-characteristic subgroups of the same order are conjugate under the 
holomorph of 77. In fact, all the operators of the highest order in the non- 
characteristic subgroups of the same order are conjugate under this holomorph. 

We proceed to prove several theorems applying to every abelian group (.1), 
which will be employed in what follows. The operator of the group of isomor- 


* Presented to the Society (Chicago) April 6, 1901. Received for publication March 13, 1901. 
+ FROBENIUs and STICKELBERGER, Crelle’s Journal, vol. 84, 1879, p. 217. 

t BuRNSIDE, Theory of groups of finite order, 1897, p. 75. 
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phisms (A’) of A, which transforms each operator of highest order in A into 
its 8-th power must transform every operator of A into its 8-th power since A is 
generated by its operators of highest order. Let s,, 8, be two operators of 
highest order (y) in A and let ¢~'s,t = s*, ¢"'s,t= 88 (8 =a,mod vy). The 
independent generators of the smallest group containing s, and s, may be repre- 


sented by s, and s,. From the equations just mentioned we have ¢~'s,t = s°’ 
a, mod the order of s,). Since ¢~'s,s,¢ = sts’ is not a power of s,s,, does 


not transform each subgroup of A into itself. Hence it follows that the only 


gperators of A’ which transform each subgroup of A into itself are those 


which transform each operator of A into the same power. 

It will now be proved that the only invariant operators of A’ are those which 
transform each operator of A into the same power of itself.* Let ¢ be any 
operator of A’ which does not transform each operator of A into the same power. 
If ¢ permutes some of the subgroups of highest order in A it is not commuta- 
tive + with the operator of A’ which transforms into itself a generator of one of 
these subgroups (A) without transforming into itself a generator of the sub- 
group into which ¢ transforms A’. If ¢ does not permute any of the subgroups 
of highest order in A it must transform the generator of at least two of them 
into different powers and hence it is not commutative with the operator which 
transforms one of these two generators into the other. The number of invariant 
operators of A’ is therefore equal to the number of natural numbers which do 
not exceed the highest order of the operators of A and are prime to this order, 
and the quotient group of A’ with respect to these invariant operators is the 
group according to which the subgroups of A are transformed by A’. 


$1. Group of isomorphisms of H. 


Since each of the p”~*(p — 1) operators of order p”~* in 7 can be made to 
correspond with every other operator of this ordert and any holomorphism of 
/T is completely determined by such a correspondence and a correspondence be- 
tween two of the p(p—1) operators of order p which are not found in the 
characteristic subgroup of order p, the order of J is p"~'(p—1)’. By raising 
all the operators of 47 to each one of the p"~*(p—1) powers which are prime 
to p and not greater than p”~* we obtain the holomorphisms of // which cor- 
respond to the cyclic subgroup of J all of whose operators are invariant under 
I.§ To determine the remaining operators of J we employ a method which 


*Cf. Transactions of the American Mathematical Society, vol. 1, 1900, p. 396. 

T Cf. BocHerT, Mathematische Annalen, vol. 49, 1897, p. 134. 

t Transactions of the American Mathematical Society, vol. 1, 1900, p. 397. 

§ Transactions of the American Mathematical Society, vol. 1, 1900, p. 396. 
When p = 2 this group of order 2”—* is of type (m—4,1). In what follows p is assumed to 
be odd unless the contrary is stated. 
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was explained in a recent number of the Bulletin of the American 
Mathematical Society. * 

The group J contains an invariant subgroup (/,) of order p* which is composed 
of all the operators of 7 which are commutative with each operator of the char- 
acteristic subgroup (in 47) of order p”~*. These isomorphisms can be obtained 
by making /7 isomorphic with its subgroups of order p, the characteristic sub- 
group of order p”~* corresponding to identity. Hence J, is of type (1,1). By 
making /7 isomorphic with its characteristic subgroup of order p with respect to 
one of its cyclic subgroups of order p”~* we observe that J contains operators of 
order p which are not contained in J,. This proves that J contains a subgroup 
(Z,) of order p* which includes no operator of order p?. We shall now prove 
that J, is the non-abelian group of order p* which contains no operator of order p”. 

Let P,, P, represent two independent generators of //, the order of ?, be- 
ing p”—*, and let re =P,. The first four of the following equations result 
directly from the given holomorphisms of /7 while the last two show that two 
operators (¢,, ¢,) of J, are not commutative and hence that J, is non-abelian. 


t'Pt=PP,, t'Pt=P,, tPt,=P.P., 
tu P.tt,=P,P,P,, 'Ptt,=P,P,. 


It has been observed that J contains a cyclic group of order p”"~*(p — 1) all 
of whose operators are invariant. Each operator of this group transforms every 
subgroup of /7 into itself. The corresponding quotient group of J is of order 
p’(p—1). We proceed to prove that this group can be represented as an in- 
transitive substitution group of degree 2), formed by establishing a (p, p) cor- 
respondence between two metacyclic groups of degree p. Each of the two sets of 
p non-characteristic subgroups of the same order in // is transformed by J ac- 
cording to the metacyclic group of degree p. As cyclic groups of order p”~* are 
transformed into each other by operators of 7 which transform each one of the 
cyclic groups of order p into itself, the subgroup of /7 must be transformed ac- 
cording to the said intransitive substitution group. Since the order of this group 
is the order of the quotient group of 7 with respect to its operators which trans- 
form each subgroup of // into itself, this intransitive group is the quotient group 
in question. As this quotient group contains only one subgroup of order p’, 
contains, only one subgroup of order p”—’. 

The subgroup KA contains no invariant operators besides those of the given 
cyclic subgroup of order p”~* since it must include 7,. The group of cogredient 
isomorphisms of A’ is therefore the same as that of Z,. Hence it contains the 
abelian subgroup of type (m — 3,1) which includes Z,. The remaining oper- 
ators of K are the products of this abelian subgroup and the first » — 1 powers 


* Vol. 6, 1900, p. 337. 
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of any operator (¢,) of 7, which is not included in /,. Let ¢, be any operator of 
the group of type (m—3, 1) first mentioned. From the properties of the 
operators of J, it follows that 

(t,t,)’ == t,t,t,t,---p times = --- 


wu being an invariant operator of J, which may be identity. Since ¢,¢, is of the 
same order as ¢, whenever ¢, is not identity J contains no operator of order p 
besides those of I,. 

As it is necessary to consider all the operators of 7, in the construction of 
the groups under consideration we proceed to determine its sets of operators 
which are conjugate under 7. It has been observed that » — 1 of its operators 
are invariant under J and that its subgroup J, is also invariant under J. It 
is clear that J, contains p other subgroups of order p*?. It will be proved that 
one of these is always invariant under J while the other » —1 are conjugate 
when p> 3. From the quotient group of / with respect to its invariant operators 
and from the properties of J, it follows that each of the p* — p non-invariant 
operators of J belongs to a set of p(p — 1) conjugates under 7. Hence all the 
non-invariant operators of the invariant subgroups of order p° are conjugate. 

We proceed to consider the holomorphisms obtained by making // isomorphic 
with its non-eyelic subgroup of order p’, the cyclic characteristic subgroup of 
order p”~* corresponding to identity and the non-eyclie subgroup of order p”~* 
corresponding to the group generated by ?,. From the following equations it 
may be observed that each one of these p(» — 1) holomorphisms gives rise to an 
operator of order p in 7. In these equations ¢, is the operator of 7 which cor- 


responds to the holomorphism under consideration, 


We have now found all the holomorphisms of /7 which correspond to the 
operators of Z,. In the p* holomorphisms which correspond to J, each of the 
operators of the non-cyclie subgroup of order p”~* corresponds to itself. In 
p(p—1) others each operator of a cyclic group of order p”~* corresponds to 
itself while in p(»— 1)’ just found the only operators which correspond to 
themselves are those of the cyclic characteristic subgroup of order p"~*. The 
p(p —1) operators, each of which is commutative with some operator of order 
p"~*, together with the invariant operators of J, must correspond to an invari- 
ant subgroup in the quotient group of J with respect to its invariant operators. 


Hence they form an invariant subgroup of order p*. 
We shall now prove that the »(» — 1) subgroups, generated by the p(p — 1)’ 
operators of 7, which transform only p”“~* operators of /7 into themselves, are 
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conjugate under 7 whenever p> 3. Let ¢. be any operator of J which satisfies 
the two conditions 


The transform of ¢, with respect to ¢, satisfies the following condition : 


If we assign to ¢, all its values subject to the given conditions we obtain the 
p(p — 1) holomorphisms which correspond to the conjugates of ¢,. It remains 
to prove that the one which corresponds to #7 is not in this set. If it were we 
should have 72??? = P,P; and henceea=1, 8=2. This would lead to the 


following equations which are impossible when p> 3: 


Since J does not transform ¢, into ¢2, its quotient group with respect to its 
invariant operators can be obtained by establishing such a (», p) correspond- 
ence between two metacyclic groups of degree p as leads to a group having only 
two invariant subgroups of order p.* This is clearly impossible when p= 3. 
In this special case each of the subgroups of order p* in J, is therefore invariant 
under J while, in all other cases, 7, contains only two invariant subgroups of 
order p? and a set of p — 1 conjugate subgroups of this order. 

The rest of this section will be devoted to the study of 7 when p= 2. 

We may assume m > 5 since all the groups of order 32 are known. Now J is 
of order 2”~' and it is isomorphic to the abelian group of type (m — 5, 1) with 
respect to its operators which are commutative with each operator of the eyclic 
subgroup of order 2”~* in /7 which is generated by ?,. Hence J, and J, may be 
found in the same manner as when p is odd, the latter being the group of order 
8 containing five operators of order 2 and two of order 4 since it is non-abelian 
and contains /,. 


It has been observed that the 2“~* invariant operators of J form a group of 


type(m— 4,1). Since this cannot contain more than 2 operators of 7,, J and J, 
must have the same group of cogredient isomorphisms. Hence 7 contains an 
abelian group of type (m — 4,1, 1) including /,, and the rest of its operators 
transform just half of the operators of this group into themselves multiplied by 
the invariant operator (s,) of Z,. Since s, is commutative with all the operators 

* By establishing a (p, ») correspondence between two metacyclic groups of degree »), written 
in distinct sets of letters, we obtain as many intransitive groups of order p?(j»—1) as there are 
operators in the group of isomorphisms of the cyclic group of order p —1 diminished by one-half 
of the number of its operators whose orders exceed two. Cf. American Journal of Mathe- 
matics, vol. 21, 1899, pp. 292 and 293. In one of these groups each subgroup of order p is in- 
variant while each of the others contains only two invariant subgroups of this order. The latter 
exists only whenever p > 3. 


Trans, Am. Math. Soc. 18 
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of JT whose order is less than 2”~* it is the square of the operators of order four 
in the given group of type (m—4,1,1). We shall soon cbserve that all the 
operators of order 4 in J have the same square. Let s, be any operator of the 
mentioned group of type (m — 4, 1,1) and suppose that s, is not invariant in 
I. Also let s, represent an operator of order 2 in /, that is not also contained 
in J,. From the equation (s,s,)’ = s,s,8,8, = s,s? it follows that we obtain ad- 
ditional operators of order two when s, is of order four and only then. When 
s, is of order two we obtain the additional operators of order four. Since s, is 
the square of all of these, a// the operators of order four in I have the same 
square. 

From the results of the preceding paragraph it follows that all the operators 
of order two in J are contained in a subgroup (/,) of order 32 which includes all 
the operators of order four in 7. Also J, contains 16 operators of order four and 
15 of order two. As the latter are not all commutative to each other they must 
generate J,. Moreover it is clear that /, is the direct product of its operator of 
order two which transforms each operator of // into its inverse and the group 
(/,) of order 16 which contains just 7 operators of order two that generate it.* 
Since / transforms the four non-characteristic subgroups of // according to the 
intransitive substitution group of degree and order four, each of its non-invari- 
ant operators has just two conjugates. Hence J, contains three invariant opera- 
tors of order two and six pairs of conjugates. 


$2. Outline of the method employed to construct the groups in question. 


If a group of order p” is represented as a regular substitution group, every 
subgroup of order p”—' contains p systems of intransitivity. We may there- 
fore suppose that each of the groups under consideration contains the intransi- 
tive substitution group formed by writing // in the regular form in p distinct 
sets of letters and establishing a simple isomorphism between these p regular 
groups /7,, //,,---, Hf. In what follows /7 will represent this intransitive 
group of type (m — 2, 1) while ¢ will be used to represent the substitution of 
order p which merely permutes the corresponding letters of //,, //,, ---, il. 
Hence ¢ is commutative with every substitution of /7. Also, J will represent the 
intransitive substitution group which is formed by writing the maximal subgroup 
of degree p"~'— a (a > 0) of the holomorph of //,+ in the p distinct sets of 
letters involved in //; so that ¢ is also commutative with each substitution of /. 
Finally, i will be used to represent some substitution of order p that is con- 
tained in /, while J,, 7,, Z,, and /, will represent the same subgroups of J as 


in the preceding section. 


*Quarterly Journal of Mathematics, vol. 28, 1896, p. 271, no. 9. 
{Bulletin of the American Mathematical Society, vol. 5, 1899, p. 245. 
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Now // and ti clearly generate a group (G) of order »”. All the other 
groups of this order which transform // in the same manner as G' does, may be 
generated by /7 and sti, where s is commutative with each substitution of //; 
for, if such a group is generated by // and, where 7 permutes the systems of // 
in the same way as ¢ does, then rt—'i-' = s must be commutative with each substi- 
tution of //, i. e.,7 = sti. Hence s is a substitution of the direct product of 
H,, H,,--+,H,. We may assume that s involves no letters except those of //, : 
for if it involved the letters of H,(p a> 1) but not those of /7,_,(8> 9), 
the transform of the group generated by // and sti with respect to the compo- 
nent of s which involved the letters of //, only would be a conjugate group in 
which s would be replaced by a substitution involving the letters of //,_ 
but not those of /7,_,_,. Since the other conditions named would not be 
affected it is proved that we may assume that s involves the letters of H, only. 
On this account it will hereafter be denoted by s, and its conjugates oniies the 
group generated by ¢ will be denoted by s,, s,,---,s.. 

By hypothesis (s,ti)’ is some vihatination of H, but 


s.ti)? =sti-s.ti---= 8.is is eee 


where s, is the transform of s, with respect to some power of i. From this it 


follows that s, 
of /Z that is transformed by /—' into itself multiplied by a substitution u, of 


and i are always commutative. Let rv, represent a substitution 
order p which is commutative to i. The conjugates of 7, and 1, with respect to 
the powers of ¢ will be represented by 7,,7,, +++, respec- 
tively. It is easy to verify that 


i 1 ] 2 ; 
= 
If we transform the last substitution successively by w! re eee 2 
and multiply the result by ---, which is in H, we that the 


group generated by // and ti is conjugate to the one which is generated by // and 
i ’tis 1, e., 10 new group is obtained when 8, is the pth power of a substitu- 
tion of H, which is transformed hy i into itself multiplied bya substitution of 
order p that is commutative with i. 

By interchanging systems of intransitivity of //7, ¢ can be transformed into 
any power while each of the substitutions i and s, is transformed into itself. 
Hence the » — 1 powers of i which are prime to the order of i give rise to the 
same groups. It is also clear that each of the conjugates of ‘ under J leads to 
the same groups. Moreover, if each of two groups generated by ¢i, and ti, 
respectively, contains only one subgroup that is simply isomorphic with /7 and 
if (, is not conjugate with some power of i, under /, then must the two groups 


a 


fi 

} 

{ 

{ 
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be distinct; for if they were simply isomorphic they could be transformed by 
operators of J so that the identical operators of 7 would correspond. The re- 
maining operators of the group would have to transform // in the same manner ; 
i. e., the group generated by 7, would be conjugate to the one generated by 7, . 
The main results of this section may be summarized as follows : 

1. Only one operator from each set of subgroups of order p which are con- 
jugate under / is to be used for 7. 

2. s, is a substitution of //, which is commutative with i. 

3. s, is not the pth power of a substitution of //, which is either commuta- 
tive with i or is transformed by i into itself multiplied by a substitution of 
order » that is commutative with i. 

4, All the powers of s, which are prime to its order lead to the same group 
since it can be transformed into these powers by operators that are commutative 


with ¢ and i. 


$3. Determination of the groups when p is odd. 


It was observed in $1 that i is contained in the non-abelian group J, of order 
p® which contains no operator of order p*. We shall begin with the case when 
i isone (i,) of the » — 1 operators of the invariant subgroup of order p. Hence 


i, is commutative with every operator of the non-cyclic subgroup of order p” 


in /7. From the equations 
(P,ti,)? P ti, : P ti, times = P i, 


= Pii, Pie Pit... = P,P? Pe Pr = Pr, 


it follows that the product of ti, and any operator of /7 besides identity is of the 
same order as the operator of /7. The group (G@,) generated by // and fi, has 
therefore the same number of operators of each order as the abelian group of type 
(m—2,1,1). Two groups which have the same number of operators of each 
order may be called conformal.* Now G, contains just p + 1 abelian subgroups 
of order p"—', p of these are of type (m —2, 1) while the remaining one is of 
type (wm —3,1,1). As each of the former is transformed in the same manner 
by all the operators of G,, we shall not arrive at G, when we use in place of i, 
an operator from another set of conjugates in J,. 

From § 2 it follows that sti, and /7 generate G‘, whenever s, is an operator 
of the characteristic cyclic subgroup of order p"~* in /7,. If s, is the constituent 
of P, which involves the letters of /7, only we clearly obtain a group (G,) which 
contains no operator of order p besides those of 7. Then G‘, contains the same 
number of operators of each order > p’ as G, does. It also includes the same 


*Bulletin of the American Mathematical Society, vol. 2, 1896, p. 140. 
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number of abelian subgroups of type (m — 2, 1)as G, does, but the group of type 
(m — 3,1, 1) in G, is replaced by one of type (m—3,2) in G@,. These are 
the only abelian subgroups of order p”~' that are contained in G, and all those 
of type (m — 2, 1) are transformed in the same way by all the operators of G,. 
Since we obtain G, if we replace s, by any one of its » — 1 powers multiplied 
into any operator of the cyclic characteristic subgroup of order p"~* in //,, i, 
gives rise to only the two groups G, and G,. 

We shall now consider the possible groups when i is one (i,) of the p(p — 1) 
conjugate operators of J,. i, and i, are commutative with the same operators 
of /7. Just as in the preceding case we find that i, leads to two groups (G, 
and G,) which are conformal with G, and G, respectively. In G, and G, all 
the cyclic subgroups of order p”~* are invariant but in G, and G, these sub- 
groups are conjugate in sets of p. Each of the groups G, and G, contains 
p +1 abelian subgroups of order p”~', p of these are of type (m— 2,1) and 
are transformed by the remaining operators in the same way as // is trans- 
formed. Hence we cannot obtain any of the four groups just found by using 
for i an operator of J, which is not contained in J,. By using for i one (i,) of 
the p(p —1) conjugate operators of the other invariant subgroup of J,, when 
p> 3, we clearly obtain only one additional group (G,) that involves no operator 


whose order exceeds p”~*. The group G‘, contains » + 1 abelian subgroups of 


type (m — 2, 1) and it transforms each of its cyclic subgroups of order p’~* into 


itself. Itis the only group involving // that has invariant operators of order 
p"~ without containing any operator of order p”~'. It is clear that i, leads 
also to the non-abelian group (G',) of order p"* which involves an operator of 
order p”—' and to no other group. 

Each of the remaining p(p — 1)? operators of J, transforms only p 
tors of /7 into themselves and the p(p — 1) subgroups which they generate are 


m—3 


opera- 


conjugate when p> 3. Hence it is only necessary to consider one (/,) of them 
when p >3. The group (G,) generated by ¢i, and /7 contains only one abelian 


subgroup of order p”—'. From the equation 


(P,ti,)” = (Pi,)” = = (when p > 3) 


14 


or = PP (when p=3), 


it follows that G, is conformal with G,, G, and G,. The following equations 
show that i, gives rise to only one group. In these equations 7, represents the 
constituent of P, that is contained in //,, while v, and w, represent the corre- 
sponding constituents of P, and P, respectively. The higher subscripts indicate 
the conjugates of these substitutions with respect to powers of t¢. 


* BuRNSIDE, Theory of groups of finite order, 1897, p. 76. 
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p-2 
which, when multiplied by of is equal to ry’ti if p> 3, 


and to wy! 


When p= 3, J, contains another invariant subgroup of order p*?. If i, repre- 
sents one of its conjugate operators we obtain an additional group G, by multi- 
plying 47 and ¢ti,. It may be proved in exactly the same manner as in the pre- 


rite if p= 8. 


ceding case that i, leads to only one group, and it is, moreover, clear that G, 
and Gare conformal. Since each contains only one abelian subgroup of order 
p"—* and since i, and i, are not conjugate under J, G', and G, cannot be conju 
gate. 
$4. Determination of the groups when p is even. 
In $1 it was observed that all the operators of order two in J are contained 
in a group of order 32 which has three invariant operators (i,, i,, (,) of order 


2; viz., those which transform each operator of // into its 2“-* + 1, 2"-*—1, 
2"-? — 1 powers respectively. The group (G,) generated by #7 and ti, is con- 


formal with the abelian group of type (m — 2, 1, 1) and each of its subgroups, 
with exception of the four of order two which are not in //, is invariant. The 
group G, contains three abelian subgroups of order p”~', two being of type 
(m — 2,1) and the third of type (m — 3,1, 1), and it transforms all the oper- 
ators of the former into their 2"-*+ 1 power. In exactly the same manner 
as in the preceding section we obtain G, by multiplying // and s,ti,, s, being the 
constituent of P, which is in #/,. The group G, contains only three operators 
of order 2 and each of these is the square of four operators of order 4. The 
operators of its two abelian subgroups of type (m— 2,1) are transformed in 
the same way as those of the corresponding subgroups of G’,. 

The group (G,) generated by // and ti, contains 2"~* operators of each of the 
orders two and four in addition to the operators of /7. All the operators of 
order four in G, have the same square. Let s, be the constituent of P, which 
involves the same letters as /7,. From the equation s~'ti,s, = sy's?"~°—"ti, it 
follows that transforms of G‘, include // and s?"~“ti,. Hence there is only one 
additional group (G,) which transforms // in the same way as i, does, viz., the 
group generated by // and s,ti,, where s, represents the constituent of , which 
is in //,. All the operators of G', which are not found in // are of order 4 
and the squares of these operators of order 4 are the two non-characteristic 
operators of order two in //, each of the latter being the square of one-half of 


the former. 
The group // and ti, generate a group (G,) composed of /7 and 2"~' operators 
of order 2 which are conjugate in sets of 2”-*. In fact, it is clear that in all 
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the groups to which /, and i, lead, all the operators‘not (contained in /7 are conju- 
gate in sets of 2"-*. The group (@,) generated by // and s,ti,, where s, is the 


component of 7, which is found in //,, contains 2"~' + 4 operators of order four. 


All of these have the same square. If s, is the component of /?, which belongs 
to H,, the group (G,) is conformal with G, but its operators of order four which 
are not found in /7 have P, for their square. As the other operator of //, which 
is commutative with 7, is conjugate under J with the last s,, the seven groups 
just found are all those which depend upon i,,i,,i,. In each of these seven 
groups every cyclic subgroup whose order exceeds four is invariant. It 
remains to find the groups which depend upon operators that are not invariant 
under J, 

Let i, be one of the two non-invariant operators of Z, which are commutative 
with each operator of the non-cyclic subgroup of order 2“~-* in 77. Since the 
product of ti, into any operator of // is of the same order as this operator of 
HT, the group (G,) generated by // and ti, is conformal with G,. G, contains 
three abelian subgroups of types (2"~*, 1) and (2”~-*, 1, 1), there being two of 
the former type. The four cyclic subgroups of order 2"~* form two pairs of con- 
jugates. If s, represents the component of ?, which is contained in //, we 
have s;'ti,s, = s;'s,s,fi,, s, being the constituent of P, which is in //,. Hence 
a transform of G, contains // and s/s;*ti,. We therefore obtain only one ad- 
ditional group (G,) by multiplying // and s,ti,, where s, is a substitution of //,. 
It may be convenient to assume that G', is generated by // and s,ti,, where s, 
is the constituent of P, which is in /7,. From this we observe that G, is con- 
formal with G,. Like G, it contains two pairs of conjugate cyclic subgroups 
of order 2"~* and three abelian subgroups of order 2"~-'. One of these is, how- 
ever, of type (2”~*, 2) instead of type (2”-*, 1, 1) in G,. 

Each of the other two conjugate operators of order two in J, is commutative 
with an operator of order 2"~* in /7. If i, represents one of these operators it 
is clear that /7 and ti, generate a group (G,,) which is conformal with G,. Its 
subgroup of order 16 which includes all the operators of orders two and four is 
generated by its operators of order two. Its four cyclic subgroups of order 
2"~* are invariant, one being generated by an invariant operator while the 
operators of the others are transformed into their 2"-*+1 power. The other 
group (G,,) which involves invariant operators of order 2"~* is generated by // 
and s,ti,, where i, is the constituent of P, which is in /7,. Hence G,, contains 
operators of order 2"~' which it transforms into their 2"-* + 1 power. It in- 
cludes just two cyclic subgroups of order 2”~'. 

The group (G,,) generated by /7 and ti,, where i, is one of the two conjugate 
operators of order two in J which are commutative with each operator of the 
eyclic subgroup of order 2”~* generated by P77, without being commutative 
with any other operator of //, is conformal with G,. Like G,, G,, G,, G,, 
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and G', this group and all those which follow contain only one abelian subgroup ~ 
of order 2"-' while each of the other six groups (G,,-G,, G,, G,, G, Gy) 
contains just three abelian groups of this order. From the equation - Mi. 3, = 
s.s;'s,ti,, 8, being an operator of order 2”~* in //,, it follows that i, lendle to 
one other group of order 2". The four cyclic subgroups of order Qn-2 are con- 
jugate in pairs in G,,. 

We have now considered all the operators of order two which are contained 
in J, as well as the two additional operators i, and i,i, = i,. It remains to 
the three operators i,/,,i,i,, and i,i,. We “hall represent these re- 
spectively by i,,7,, and i,. The group // and ti, generate a group (G,,) which 
contains 2”~* operators of each of the orders two and four in addition to 
IT. H and s,ti,, where s, is the constituent of /, which is in //,, generate 
a group G',, which contains only operators of order four in addition to //. 
Neither of these two groups contains an invariant cyclic subgroup of order 
From the equations s; = s; being the constituent of 7’, 
in //,, it follows that i. gives rise to no additional group. 

The group (G,,) generated by /7 and ti, is conformal with G,, but all its 
operators of order four have the same square while in G’,, they have two dis- 
tinct squares. Moreover, its invariant operators form a cyclic group of order 
four while they form a non-cyclic group of this order in G,,. The group // 
is the 7, component of the invariant operator of order four 


and s,ti,, where s, 


in G,., generate a group (G,,) which contains only operators of order eight in 


addition to those of /7. The two cyclic subgroups of order 2”~? are clearly in- 


variant in each one of these two groups. That these two are the only groups 
—1 g—1+-2"—3 


to which i, gives rise follows from the equation sy'ti,s, = s;'s; , 8,8, being 


* in /7 which is not commutative with i,. 


an operator of order 2 

H and ti, generate a group (G,.) which contains, besides /7, 2”~° operators 
of order eight and 2”~* operators of each of the orders two and four. Like the 
preceding four groups it contains just four invariant operators. That this is 
the only group to which i, leads follows from the equations s;'ti,s, = s;'sy's), 
where s, is of order four if 8, is of order 2"~*; and of order one w io 8, is of or- 
der 2”~* and not commutative with i,. Hence the number of the groups of 
order 2" which contain the abelian group of type (m — 2,1) is twenty, three 
being abelian and seventeen being non-abelian. Eleven of the latter involve in- 
variant cyclic subgroups of order 2”~*. 


Sum mary. 


There are three abelian groups of order p” that contain a om of type 
(m — 2, 1), viz., those of types (m —1,1), (m—2,2),(m—2,1,1). These 
exist for every prime p. 

When p> 3 there are seven other groups. The number of their operators 
of each order is exhibited by the following table : 


| 
{ 
| 
| 
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OF GROUPS OF ORDER /) 


Operators 


Groups 
Order Pp p Pp 
G,, G,, G,, G, Number p(p-l 
“ 0 pi—l (p—1) 0 
(p>3) m—1 


The first four groups may be distinguished by the following properties: G, 


—1 


contains only one abelian subgroup of order p”—' while each of the others con- 


{ tains three such subgroups: G, is the only one which contains invariant opera- 


tors of order p"~*; G, * while 


contains cyclic invariant subgroups of order p 
. 

G, does not; G‘, and G, can be distinguished by the same property as was em- 

‘ ployed to distinguish G, and G,. When p = 3 there is one more group, which 


is conformal with G,. It is not simply isomorphic with G, since these two 


-' which they transform 


groups contain only one abelian subgroup of order p 
according to non-conjugate subgroups of J. 

The following table exhibits the orders of the operators of the 17° non- 
abelian groups of order 2” which include an abelian group of type (m — 2, 1): 


Operators 
Groups 
Order 2 4 Rg Qa Qn-1 
G,, G,, G,, Number 7 8 16 0 
3 12 16 0 
‘ Q 9 
“ 443 344 4. § 0 
G,, 3 4 2 0 
(3 
The conformal groups may be distinguished by the following properties: G,, 


is the only one of the first four which contains invariant operators of order 


2"-*; G,, contains only one abelian group of order 2"~' while G, and G, con- 


tain three such groups; in G;, all the cyclic subgroups of order 2"~° are invari- 
ant while they are conjugate in sets of two in G,: G, and G, may be distin- 
guished in the same way as G, and G.: G,, contains two operators of order 


two which are squares of operators of order four while in G, and G,, all the 


190] 271 

| 


als G. A. MILLER: GROUPS OF ORDER P 


operators of order four have the same square; in G‘, the invariant operators 
form a non-cyclic subgroup of order four while they form a cyclic subgroup of 
this order in G,,; in G,, the two cyclic subgroups of order 2”~* are conjugate 
while they are invariant in G,, G,, and G,; in G, the operators of order 4 
have three distinct squares, in G, they have the same square, and in G, they 
have two distinct squares. 


CORNELL UNIVERSITY, March, 1901. 
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ON A FUNDAMENTAL PROPERTY OF A MINIMUM IN THE 
CALCULUS OF VARIATIONS AND THE PROOF OF A 
THEOREM OF WEIERSTRASS’S* 


BY 


W. F. OSGOOD 


The notion of the minimum of an integral in the caleulus of variations is an- 
alogous to that of the minimum of a function of a real variable. The function, 
J (x), is thought of as continuous and it is said to have a minimum at the point 
wv = a when, for all points of the neighborhood of a with the one exception of a 
itself, the value of f(a) is greater than /(q); i. e., when the relation holds : 


>fl(a), 


This is, however, only a partial description of the behavior of the function in 
the neighborhood of the point «, as is shown by a simple example of a discon- 
tinuous function for which the above relation is true. Let the function $(2) be 
defined as follows : 


(x) = 1, when ~ is irrational ; 
= 14, when = + pq, where p ¢ is a positive fraction in its 
lowest terms (in particular, an integer). 


Then $(#) has a minimum at the point # = 0, for 


(x) > +0; 
and yet, in the neighborhood of an arbitrarily chosen value of 2, the lower limit 
of d(x) is 0. 

A continuous function /(«#) has, then, a further property in the neighborhood 
of a point 2 = « at which it is a minimum, which may be expressed as follows : 
Let & be any positive quantity less than h. Then there exists a positive 
quantity € such that the lower limit of f(x) for values of x in the above neigh- 


borhood of a for which |x — a\ > is at least as qreat as f(a) +€; or 


(x)= f(a + €, 6 Sh. 


* Presented to the Society April 27, 1901. Received for publication May 6, 1901. 
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In the calculus of variations the integral 
| F(x, Ys ) dx 


or, in the parametric form, 


r= | ‘F(x, y, y 


0 


is said to be made a minimum by the functions x = $(¢), y = y(t) correspond- 
ing to a curve C if its value J for C is less than its value J for any other 
eurve C’ of a specified class (A’) of curves which all lie in the neighborhood 7 
of C (Fig. 1): 


Wererstrass* has given a sufficient condition that this may be the case. The 
example of the function ¢$(2) above considered raises, however, the question : 
Assuming that Weierstrass’s sufficient condition is fulfilled, so that no curve 
of the class (BK) distinct from C will give the integral I so small a value as 
J. may we not still have a set of curves belonging to this class, C,, Cy, +++, 
which do not cluster about C as their limit and which have the property that, 
if a | -++ denote respectively the values of the integral I formed for these 


CUPTES, 


lim =/J? 
In particular, it is conceivable that these curves might approach a curve C’ of 
the class (A’) as their limit, distinct from C. For this curve, the value of J 
would, of course, not be lim J = -/. 

This question I answer in the negative, showing in $1 by means of the 
theorem of § 2 that, if T denotes an arbitrarily small neighborhood of C’ lying 
wholly within 7’, the lower limit of 7 formed for all the curves of the class (A’) 
that do not lie wholly within T is greater than J by a positive quantity €, so 


that 
T=J+e, 


when C’ does not lie wholly in 

By means of these results it is possible to deal with a problem of importance 
concerning the scope of the class of curves (A’). What curves shall be admit- 
ted to this class? The larger the class (A’), the more general the property of 
the integral which is made a minimum by C; for the integral is thus compared 


*In his lectures. For astatement of the condition in the parametric case, see 7 1 below. This 
is in substance KNESER’s form of the sufficient condition: KNEsER, Lehrbuch der Variations- 
rechnung, chap.3. Other forms of the sufficient condition, in particular, HILBERT’s form, have 
recently been treated in a paper by the writer: Annals of Mathematics, 2nd series, vol. 2, 
no. 3 (1901), p. 105. 
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with the curves of a more extended class. Hence it is natural to seek to enlarge 
the class (A’ ) until limitations are reached which are dictated by the nuture of the 
problem, not by the exigencies of the proof. For example, consider the integral 


This integral represents the length of the curve C’ when C’ has a continuous 
tangent. But the notion of length is not restricted to curves of this class. In 
fact, a curve may have a length and yet fail to have a tangent in a set of points 
everywhere dense along the curve. For, the length of a curve may be defined as 
the upper limit of the lengths of the inscribed polygons, in case a finite upper 
limit exists, i. e., as 
L> VAs? + Ay’, 

where Av, = Ay, = ¥(7,_,) — W(7,), and the vertices 7, = 1¢,, 


T,,+++7,=¢, are chosen in all possible ways.* JorpDaAN has shown that the 
necessary and sufficient condition that such an upper limit exist is that the 
functions ¢, W both belong to the class of functions with limited variation 
(fonctions A variation bornée).+ 

The above generalization of the integral that represents the length of a curve 
with continuous tangent suggests a corresponding generalization of the general 
integral 


| ‘F(x, y, 2’, y')dt. 
Let C’ be a continuous curve lying in 7’ and connecting the points A and B. 
Since C’ will not in general have a tangent, the proper integral J will not in 
general have a meaning. Inscribe a polygon in C, as in the case of the are in- 
tegral, and, remembering that the function F’ is homogeneous of the first de- 
gree in its last two arguments, form the sum 


° * This is in substance SCHEEFFER’S definition. The form, which isa particularly elegant one 
is due to PEANO: Applicazionit geometriche del calcolo infinitesimale, 1887, p. 161 ; Lezioni dt 
ancalist infinitesimale, vol. 1, 1893, p.171 ; Annali di matematica, 2nd ser., vol. 23 (1895), 
p. 153. It is analogous to PEANO’s definition of the upper definite integral ; cf. Lezioni (just 
cited), §103; Annali, loc. cit. See also HILBERT’s definition at the close of this paper. 
+t JORDAN, Cours d analyse, vol. 1, 2d ed., 1893, 767. An example of a continuous curve, 
y = (2), which has a length, but which does not have a tangent for any rational value of the 
abscissa can easily be given. Let +0; =0, and let =f(sin 
Then the function (.7), given by the series 
= a,0(r) + 4,0(2! + 4,0(3! 2) 
where the coefficients 7, are suitably chosen (a, —1/7!? will suffice), is a continuous function of 
limited variation. It is readily seen that this function, however, fails to have a derivative when 
2 is rational. — The graph of WEIERSTRASS’s continuous function that has no derivative is an 
example of a continuous curve that does not have a length. 
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Ax, Ay, 


If this sum converges toward one and the same limit when =o no matter 
how the polygons be chosen, provided merely that their sides all converge to- 
ward 0, then this curve shall be included in the class (A’) and the value of the 
limit of this sum shall be taken as the generalized integral 7. If C’ has a con- 
tinuous tangent, this value is the same as that of the proper integral 7. Thus 
we have a natural limitation for the class (A’) of curves C’ to be admitted to 
consideration. WEIERSTRASS, to whom the generalization here considered is 
due, states in his lectures the theorem that when his sufficient condition for a 
minimum is fulfilled, the integral will still be a minimum, even when its defini- 
tion is thus generalized and its value for C’ is compared with its value for any 
curve of this class (A’). I have never seen a proof of this theorem. In $3 of 
the present paper a proof is given. 

The theorem of $1 is proven only for the simplest integral of the calculus 
of variations; but it is true for other integrals, for example, for the double 
integral 


JJ Fe, Ys Ps q)dedy, 


and it probably holds in general. In the case of a weak minimum, the neigh- 
borhood 7’ of C’ must be replaced by the enyere Nuchbarschaft* of C. 

In the proof which has recently given of DiricHLet’s Principle a 
continuous function z of the variables a, y is defined as lim F’ (2, y) and it has 
to be shown that z satisfies LAPLACE’s equation at all ‘interior points of the 
regi The theorem of $1, stated for double integrals, may be employed to 
estal ish this point. A corresponding step has to be taken in the proof of the 
existence of a shortest line on a surface, and the theorems of this paper are ap- 


plicable in this case, too. 


$1. A CHECK FOR THE VALUE OF THE INTEGRAL J EXTENDED ALONG A 
Curve nor Lying WHOLLY WITHIN THE NEIGHBOR- 


~ 


HOOD T OF THE EXTREMAL (’. 


1. The quantity HT, expressed in terms of the curvilinear cobrdinates of the 
jiel’, — Consider the integral 


y')dt 


* ZERMELO, Latersuchungen zur Vuriationsrechnung, Berlin dissertation, 1894. 
tJahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1899) 


p. 184. 
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extended along the curve 


C: «=¢(t), y= v(t), t,=t=t, 


l 


that connects the fixed points A, with the codrdinates (.,, y,), (¢=¢,), and 
B, with the codrdinates (w,, y,),(t=¢,). Here, 6, shall be continuous 
functions of ¢ for the values in question, and shall have continuous first de- 
rivatives that do not vanish simultaneously for any of the above values of 
t. The function /’ shall, together with all its partial derivatives of the first 
and those of the second order that present themselves, be a single valued 
continuous function of the four arguments regarded as inde- 
pendent variables, where (#, y) is any point of a certain region of the (x, ¥)- 
plane, within which the curve C’ must lie, and «’, y’ have any values except the 
one pair (0, 0); furthermore, since the integral is to depend only on the curve C, 
not on the particular choice of the parameter ¢, the function /’ shall be homo- 
geneous of the first degree in the last two arguments. Finally, we assume that 
F is positive for all values of the arguments considered. 

A necessary condition for a minimum is that the curve C satisfy the differ- 


ential equations 


We assume that this condition is fulfilled by the extremal* C, and that C is a 
eurve which does not cut itself between A and /&: furthermore, that a field 
exists surrounding C’. More precisely, we assume that a one-parameter family 
of curves exists : 

w= y=n(t, a). 


where the functions &, 7 have the following properties : 
(a) These functions, together with their first partial derivatives and the cross 
derivatives — , 7, , are continuous functions of the independent vari- 
bles (¢, @) at all points of the region 


R: t,=t=t,, \a—a, =k, 


where ¢,< t,t, < ? and «>0; ¢,, ¢,, « are constants. When 
a = a,, the equations represent a curve without multiple points, which 
passes through A and 2; and when a@ has any constant value, the 
corresponding curve is an extremal. In particular, when ¢ = a,, the 


curve is the extremal C. 


* Any curve that satisfies these equations is denoted by KNESER as an extremal; Leirbuch 
der Variationsrechnung, p. 24. 
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(6) The determinant 


A= 0, 
no matter for what point of £2 it be formed. 

Let « be chosen small enough so that all the curves will be free from multiple 
points. Two curves corresponding to distinct values of @ not only will not in- 
tersect each other, but, if the two values of « differ from each other by an in- 
finitesimal a, the distance PP?’ = 8 from a point P of the one curve to, the 
point of intersection ?’ of the normal at P with the other curve will be an in- 
finitesimal that is uniformly of the first order ; in other words, 


ma=B= Ma, 


where m, .V/ are positive constants, i. e., independent of «, ¢, a. 

The proof of these statements follows the same lines as the proof in a similar 
case considered in the writer’s paper on Sufficient Conditions in the Calculus 
of Variations.* KNESER?+ has given a proof by means of power series on the 
assumption that all the functions considered are analytic. This assumption is 
unfortunate, inasmuch as it introduces restrictions without being accompanied 
by any simplification. 

By means of the family of extremals « = const., a system of curvilinear co- 
ordinates of the field is introduced (IXNEsER, loc. cit.), v = « being taken as one 
of the coordinates and 


“us | F(E(t, a), n(t, a), &(t, a), n,(t, dt 


being chosen as the other. The lower limit of integration, ¢’, is so taken that 
the point « = &(t’, “), y= 7n/(t’, a) lies on the curve through A which cuts all 
the extremals « = const. transversely. In terms of the new codrdinates let 


F(x, y, dx, dy) = G(u, v, du, de), 
so that 
l= | F(x, Ys an”, y')dt = | Glu, v'\dt, 


where J is taken along the curve C’. The quantity, //, the study of which is the 
main object of this paragraph, is then given by the formula 


| [G(u, v’) u'\dt. 


*Annals of Mathematics, 2nd series, vol. 2, No. 3 (April, 1901), p. 105. 
Tt loc. cit., chap. 3. 
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This quantity will be positive, and hence the integral J will be made a mini- 
mum by C’, when the WEIERSTRASSIAN invariant /’, (KNESER, p. 52) is always 
positive in 22, and this we assume to be the case. This completes the sufficient 
condition for a minimum. 

2. The determination of a lower limit ( Abschitzunq) Jor the value of H 
for the simplest class of curves C.— Consider first the case that wu’ > 0 
throughout the whole interval ¢,=¢=¢,. Then « may be chosen as the param- 
eter ¢ and, setting 

Glu, s)= g(u, 
we have 
[g(u, v,s)— 1] du. 
IKXKNESER shows that 


g(u,e, g,(u,v, 9)=9, 
so that 


H =} | Js) du, 


the coordinates of A and B being respectively and (v,, v,). The fune- 
tion 7,,(u, v, 8) is a continuous function of its three arguments, when s has any 
value whatever and (w, v) is any point of the region 


Seto ln Sz 


where the constants @,, #,, « are so chosen that to each point of 7’ corresponds 
a point of 72, while the are AB of C lies wholly within 7. This function is 
positive for all such values of the arguments, since the invariant /, is always 
positive. It may, however, have 0 for its lower limit when |s =o. Let the 
minimum value of this function, when (w~, 7) is an arbitrary point of 7’ and 
s| =u (u being a constant to be determined later) be denoted by 1/7.* If we 
impose on the curve C’ the further restriction that s shall, at no one of its points, 
exceed yu in absolute value, then we have 


H= uf edu. 
0 
Now mark off an arbitrary neighborhood of the are AP of C lying within 
the field 7’ and consisting of the region 


tT: u—LSusu4+L, 


*It will be necessary to consider later the minimum value of the function }7..(7, 0, 8) where 
G(u, v, —1, s) =9(4, 0, 8), for the same values of the arguments, and so we will choose 
once for all as the smaller of these two minimum values. 


Trans. Am. Math. Soe. 19 
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1. 


If the curve C, restricted as above, does not lie wholly within T and (U, V) 
is a point of C lying on the boundary of T, so that |\V\= L, then, by the 


theorem of § 


al ‘ 1 L 
| 54(u, — 
and since 
al” 
sdu> sdu, 
it follows that 
ML* 
(A,) H> 


54(u, — u,)° 
3. Continuation; the general case. — We have thus obtained the desired in- 
equality, or approximate evaluation, (Abschiitzung) for /7 for the simplest class 


of curves C’. The most general curve 


C: w=(t), y= v(t); t,=tSt, 
connecting A and 2, having at each point (extremities included) a continuous 
tangent, and lying in 7’, but not wholly in T, can be broken up into a finite 


number of pieces of the following three classes : 


be) 8 
"y 
(a 
—— b. 
— 
a 
2 


| 
| 
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(a) >0, |s Sp; 
(4,) > 0 and, when +0, | s|> 
(0) 
v’ <0 and, when +0, |s > ju; 
(c) u'<0, \|si Sz. 
Instead of 1, any other positive quantity less than « would answer. — The 


integral /7 can then be decomposed in a corresponding manner into the three 
sums: 


(1) H= + + DL) ILE u'j|dt. 


We proceed to obtain approximate evaluations for these sums, and hence for //. 
Consider a term of the first sum 


i+] 
| [G(u,v,w, ve’) —w] dt. 
Here, uw = $(¢), uw’ > 0 and hence the variable of integration, ¢, can be replaced 
by uw. We will introduce, however, not w but w, where 


and a, is a constant to be determined later. We have then . 
(2) =| lq (WU, v, = edu. 


Next consider a term of the third sum 


and replace ¢ by w, where 
w=—uU+a, 


and a, is a constant to be determined later. Let 


G(u,v,—1,s)= (u,v, 8). 
Then, as before, 
Hence 
Finally, consider a term of the second sum for which x > 0. Replace ¢ by 
v, and denote the smaller of the minimum values of the two functions 


Giu,v,7r,1), Glu,v,r, —1), 
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when (w, v) is any point of 7 and r = du/dv(= s~' when wv’ + 0 and v’ + 0), 
r/=1, by V. Then, since the maximum value of |r| is 2/u, if u is so chosen 
(1) that 2 4=1 and (2) that < JN, we obtain for //, the following relation. 


j j 


2 


The same formula also holds for a term for which v’ < 0, since in that case 
the left hand member is positive, the right hand member negative. Further- 
more, the same reasoning shows that, when v’ < 0, the quantity v,., — v, then 


"E(u, v,r,1)—r]dv 
(4) 


becoming negative, 
5 5 


9 


We are now ready to obtain the final approximate evaluation of the quantity 
H. Assume that the curve C leaves the strip T, and let (U, V) be a point 
of C’ on the boundary of T. Two cases arise : 


<=y7r=<= | 
(A) u,=OUSu,, [rol = LZ; 
(B) U>u, or 


Case (A). We begin by disposing of a simple special case, namely, that in 


p 2 ( w,) ’ 


the summation applying to those ares of C’ which belong to class (c), exceeds 
an arbitrarily preassigned quantity, which we take for simplicity as Z. Observe 
that the equation of the boundary of T for which w isa maximum is uw = u, + L. 


which 


Here, we have at once that F 
(A,) H>L. 


This case being disposed of, we assume that 
and that the point (UV, V) is the boundary of an interval of some one of the 
three classes. This condition can be fulfilled by cutting an interval in two, if 
necessary ; both pieces belonging, then, to the same class. We now determine 
the constants a,, a, in such a manner that those intervals 


=w=v,,, 


1? 


| 
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which correspond to the ares of C lying between A and(U, V’) will follow each 
other without overlapping, their ends just touching; the initial value of 7 in 
the first interval shall be chosen as u,. Denote the final value of ~ in the last 
interval by w. We have, then, from (2) and (3), suppressing whatever terms 
of the form 2(w,,,— ,) may arise on the right hand side of (3), — this only 


strengthens the inequality : — 


(5) (= + >) [G(u, Us, u's v’) u'|dt> {| 


The function s that here enters is a single valued function of 1» continuous at all 
points of the interval w, =~ =w with the exception of a finite number of points; 
and s approaches a limit when 7» approaches any one of these exceptional points 


from one side only. Let 
= sdu, 


Then v = f(z) is a continuous curve made up (1) of the pieces of class (a) 
carried in the field of the curvilinear codrdinates (w, v) to a new part of the 
field ;* (2) of the pieces of class (c), first reflected in a line ~ = constant (or 
v = constant) and then carried like the former pieces to a new part of the field. 
Let f(w) be denoted by f(u,) = 90. We have the relation: 


(6) W+ 4%) =V. 
Collecting and combining results we infer from (4), (4,), (5) that+ 


w 9 
(7) H~>M dw + , 


Relation (7) we now proceed to transform by means of the theorem of § 2, 
which enables us to write the inequality 


2g) > |W 
ede 54(u, + L —u,)?’ 


where 


provided that |W | <3 /2(u, + Z—uw,); a condition that will surely be satis- 


fied when |W|=Z. We will assume this to be the case, since otherwise we 


could choose 0 < w, < w so that | f(w,)| = Z, and then we should have 


* We may think of the field 7’ as mapped on a rectangle by means of the equations v — 7, 
»=y. The curves in question thus go over into curves lying in this rectangle and the trans- 
formation is then an ordinary euclidean rigid motion. The corresponding actual transformations 
in the field 7 now become apparent to the intuition. They are given by the formulas : 

(1) (2) u=—w—a, 


+ In obtaining this relation e/tier (4) or (4,) is to be used for all values of /. 
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J s°*dw > J on o4(u, + L—u,)’ 


whence relation (A,) would follow at once. 
We have then, since W == V— 2, 


8 M\V—2x}* 2 
( ) 54 (u, + — + ( 5) 
or, writing 
(8’) Bix}. 


A and B are both positive quantities. 
When V and x have opposite signs, the inequality (8’) will only be strength- 


ened by replacing « by 0. Since |V|=Z, 
(A,) H>AL’. 
When V and ~ have the same sign, we can replace (8’) by the inequality 
(9,) H>A(L—£)' + BE, 
when #| = & < L; and by the inequality 
(9,) H> A(é— + BE, 


when £=Z. To get the desired approximate evaluation, replace & in each of 
these formulas by a value that will make the right hand side of the inequality a 
minimum. The curve 

y = A(L—£))+ BE 
has its minimum value in the interval 0 =& < Z at the point 


f= L—VJB3A, 


provided that this is a point of the interval, i. e., provided LEV B34A; 
otherwise, at the point &=0. In the first case the minimum value is 
B(L B34]; 
in the second case it is AL’. 
When = L, the minimum is given by putting & = L, and is BL. 
Collecting results, we have 


H> B(L—2/B3A), whn0S&<L, YBBASL; 


(A,) H> when OSE<L, VBBA>L; 
|H> BL. when 
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It remains to consider Case (B). It is sufficient to assume that U > w, for 
the case that UV <u, can be dealt with in a similar manner, the points A and 
B merely interchanging their roles. The curve C in this case crosses the curve 
u = u, (let t= 7,, be the value of ¢ corresponding to such a point) and meets 


one of the three lines 
v= L, u<usu,+L; 


v= —L, 


vy, — 


(ur to 
Fia. 3. 


in the point (U, V) (let ¢ = 7, be tlie value of ¢ corresponding to such a point). 
Let the minimum distance from the point B to the above three lines be denoted 
by D. Then there exists a positive constant, /, such that 


D>kL, 


no matter what value Z may have subject to the conditions of the problem we 
are considering. * 
We may write /7 in the form: 


OT) 
H= | [G(u, v, v’) | dt Glu, v')dt 


1 
fet, 
+ | G(u,v,u',v')dt. 


The first of these integrals is positive or zero, since it is the difference between 
the integral J taken along a curve C’ drawn in the field from A to the curve 
u = u,, which cuts the extremals of the field transversely, and the integral 
taken from A to B along C. The second integral is also positive since @ is 
positive. Discard these first two integrals and then introduce in the third as 
parameter the are s of C’. We have then 


(A.) H> (u,v, cos d, sin d)ds> ATL, 


* For the region about A a corresponding pair of quantities D’, ’ must be considered, and so 
we will choose D, & at once each as the smaller one of the two quantities to be considered. 


| 

| 
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where 0 denotes the minimum value of G'(u, v, cos sin when v) 
is any point of 7’ and ¢ has any value whatever. 

This completes the approximate evaluation. The final result may be stated 
as follows: 

If L is any positive quantity so chosen that no point of the region ZT will 
be exterior to the region T and that L <8 /2(u,—1u,), and if E denotes the 
smallest of the quantities entering on the right hand sides of the inequalities 
Sor IT: (A,), (A,), (Ag), (A,); (A;) 5 then the value of the integral I extended 
along any curve C whatsoever that does not lie wholly within T exceeds the 


value of this integral extended along C by a quantity greater than E ; or 


H>E£E 
for such a curve C. 
The curves C’ considered in the foregoing investigation were assumed to have 
a continuous tangent throughout their whole course inclusive of their extremities. 
It is easy to see that the above results still hold for curves C’ made up of a 
finite number of pieces, each of which enjoys the above properties. In particu- 
lar, C may be made up of a finite number of pieces of straight lines. 


$2. THe FUNDAMENTAL THEOREM. 


4. FunpAMENTAL TueorEeM. Let f(x) be a single valued continuous 
function of x in the interval aSx Sb, and let f(x) have a continuous deriva- 
tive f' (w) at all points of this interval. Let 


=L>9, a<lSb, 
Then 


fs (x) da = 54(b — a)?” 


L<38V/2(b—a). 


provided that 


The theorem still holds under the more ‘general hypothesis that f (w) is con- 
tinuous throughout the interval aSx2 Sb and that this interval can be broken 
up into a finite number of subintervals throughout each of which, inclusive of 
its extremities, f (x) has a continuous derivative.* 

We may restrict ourselves to the case that f(/)— f(a) > 0, since the case 
that /(/7) — f(a) < 0 can be referred to the former case by setting f(~) = — $(~). 
We may furthermore assume that /’(x)= 0, since, if f’(~) <0 in parts of the 
interval, we may define a function /’(x) by the conditions : 


* Since this theorem merely serves the purpose of a lemma for the proof of the main theorems 
of this paper, no attempt is made to state the theorem in more general form than is needed for 
present purposes. 
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F(x) =f (x) for values of for which = 0: 
F(x)=0 for values of for which f'(”) < 0, 
and this function will have the property that 
F(l)—F(a)=L>L. 
If 7’ be so chosen that /'(7') = Z and 0 <7’ </, then 
L 
J dx > | dx > | F'(x dx = 54(b — 


Thus the theorem will hold in all cases if it holds when /(/)> f(a) and 
f'(#) 20, 


Finally, we shall for simplicity confine ourselves to the proof of the theorem 


under the hypothesis that ,f’ («) is continuous throughout the whole interval, for 
the more general case presents no principal difficulty. 
5. LEMMA. Tf f'(v) is a single-valued, continuous function of x through- 


out the interval a=x=B, and if 
0 = f' (2) = 1 
at all points of the interval ; if, furthermore, 


andif rA<B—a, 


Let 7, 7 be defined by the equations : 
B—a=rT, 
de = (8-2), 


then 


so that yr =A, 
Let the points of the interval (a, 8) be divided into two sets: 


(s,), the points in which f(x) = }y, K 
(s,), the points in which (2) 


and let x’, 7 —«’ denote respectively the internal content of (s,) and the ex- 
ternal content of (s,).* The quantity «’ varies with different functions 7" (x) , 


* Cf. JORDAN, Cours d’ analyse, vol. 1, 2d ed., 1893, p. 28, 2 36. 


{ 
{ 
| 
} 

i 
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and we wish to determine its lower limit. Consider the function ¢(x) defined 
as follows: 


o(z4)=1, aSvSa+e«; hy, eSB, 


where « is so chosen that 


| b(x)dx = r, 3. K dy (7 Mia 


(1) 
r 
K=5 > 
2 
y K 
Y=1 
} y=1 
| \ 
\ 4) 
| 3 ny 41 Ge Je 
Fia. 4. Fia. 5. 


This function ¢ is, because of its discontinuity at + = a + «, an impossible 
function but there exist functions that differ from but 
slightly, and it seems likely that the number « thus defined is the lower limit of 
all the «’’s. This we will now show to be the case. 

A positive number ¢ having been chosen at pleasure, it is possible to divide 
the interval (a, 8) into a finite number of subintervals (a,, 8,), (a,, 8,), ---, 
(a,, 8,), consisting exclusively of points of (s,) and such that 


The sum of the lengths of the remaining intervals then satisfies the relation : 


where 8, = aanda.,= 98. In particular, it may happen, as in the case indi- 
eated in the figure, that a, = a, so that the first interval, (a, — §8,), may be 
suppressed. A similar remark applies to the last interval when 8 = 8. Fur- 
thermore, the above intervals may be so chosen that, 6 being a second arbitrary 
positive number, 

+68, 


at all points of each of the intervals (8., a,,). This follows from the uniform 


continuity of the function /’(2). 


(8,—a)<«’. 
=1 
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From the formula 


t 


Bi 
S (x) dx > (x)dz, 
ixo 


we now infer, since f’(x)=1 in the interval (x,, 8,) and f’(#) < }y + 6 in the 
interval (a,,,, 8;), that 
(2) + + +6). 
From (1) and (2) it follows that 
+(e, 4), 


where (e, 5) is a quantity that can be made arbitrarily small by a suitable choice 


of eand 6. Hence 


and this is the relation that we set out to establish. It is unnecessary to con- 
sider whether the lower sign can ever hold. 
The proof of the lemma is now given by the relation: 


B; \ 2 
frera> 


a; 
from which it follows that 
8 
dz = 2? q. e. d. 
6. Proof of the theorem. — To prove the theorem let us first assume that the 


curve y =f (x) cuts the line y = 1 in a finite number of points, and that, in the 
intervals (a,, 5,), (@,, 5,), +++, (4,5 4,), 


} 
KM «x, 
| 
} 
\ 
/ 
\ / | 
\ { 
| 
j \ 
i] 
\ H ' ' 
aa bi a2 bel 
Fia. 6. 
H 
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while in the remaining intervals, (4,, @,), @,.,), where b, =a, 
a = 

S@)>1, 
(In particular, the curve need not cut this line at all. The result obtained 
below is still true, and the modification in the proof is but formal.) Observe 


that we may write down the relation : 
=U 


The relation on which the proof of the theorem turns is the following: 


i=t & 


(4) 
b.)—f(a,) )}° 


A 


the approximate evaluation of the first sum being given by the relation 
Tt (xP >f' (#), and that of the second sum by the lemma of paragraph 5. The 
terms that compose the last sum we divide into two classes, namely : 

(A) The terms for which 

b.—a p L, 
i 

where p is a positive quantity to be defined later. Let the values of the index 
for these terms be denoted by i,, ---, 

(B) The remaining terms. For these 


S(b) < L(b,—4,); 


let the values of the index j for these terms be denoted by j,, j,,---, j,,- Notice 
that 


k=1 k=] 


We now write down relation (4), suppressing all terms of class (2) and re- 
placing each summand in class (A) by a smaller quantity, as follows : 


(0, —a,) 


The result is the relation 


k=1 


= 
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Next, let p be taken large enough so that Z* 89° <1. Then 


The quantity in the brace we now transform by adding and subtracting the 
terms of class (2). The addition of these terms gives three sums whose total 
value is precisely 2. On the other hand, the inequality will only be strength- 
ened if, instead of 


> 


we subtract the larger quantity given by (5), namely, p~'Z(4— a). We thus ob- 
tain the relation: 


| St (2 )° dx> 2 L L | 
The expression on the right hand side is seen to have its maximum value when 
= 3(b — a), and hence it follows that 


ax > 54(b — a)?” 
provided that the above is an admissible value for p; i. e., if it will make 
LT? 8p? <1. This will be the. case if 


L<38V2(b—a), 


and this relation was made part of the hypothesis of the theorem for this very 
purpose. Since we are concerned only with small values of Z, this restriction 
is not embarrassing. 

We may note in passing that we could obtain a corresponding formula for 
large values of Z by choosing p so that 1 — Z* 8p’ will be an arbitrarily small 
positive quantity, and then replacing the factor Z p in the brace by the larger value 
2/2. The resulting formula (which, indeed, is true for all values of L) is: 


| 0) 


We have hitherto assumed that the curve y=/(#) meets the line y= 1 
only in a finite number of points. If this is not the case, then it is possible to 
divide the interval (a, 7) into a finite number of subintervals and to separate 
these into two classes : 


| 
| 
| 
| 
| 
| 
{ 
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(a) Intervals within which the curve and the line do not meet. They shall 
meet at each extremity of such an interval, the points «=a and «=/ ex- 
cepted. 

(4) Intervals within which the maximum value of /’() is less than 1 + e, 
where ¢ is an arbitrary positive quantity. 

Let a function /, (7) be defined as follows : 


(w) («) in the intervals ; 
(x) =f (x) at those points of the intervals (4) at which =1: 
J, (#) =1 at the remaining points. 


Then, if 
LO-A(Q=L,, L-el-a<Lh, 


To the function 7; («) all the reasoning is applicable that has been used above in 
the case of the function f’(#), if we introduce the following modification : 
The curve y=/,(~) may be cut by the line y =1 in an infinite number of 
points. The points of this set in parts of whose neighborhoods /, («) is positive 
are, however, finite in number. These points play the role of the points of inter- 
section in the former case; and if we denote them by a,, b,,---a,, b,, the 
former proof will apply. Thus 


But 


| de> | (ey dz, 


e 
and we now readily infer that 


(ey de = — a)?" 


This completes the proof of the theorem. 


$3. Tue Proor or WererstRAss’s THEOREM. 


7. Let the points A, B be joined by an arbitrary curve lying in the field 7’, 
but not lying wholly within Tf: 


~ 


x= g(t), y= v(t); t =t=2,, 


where ¢, ¥ denote, to begin with, merely single-valued, continuous functions of 
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t, and let a polygon 7’ be inscribed in C with its vertices at the points 7, = ¢,, 
T, Where <T,,,- Its sides may intersect one another. Form 


the sum 


= F (755 Az,, Ay;). 


Let the curve C’ be now restricted to belonging to the class (A’) of curves for 
which S approaches one and the same limit when x = ©, no matter how the 
vertices of the polygon are chosen, provided merely that its longest side con- 
verges towards 0. Denote this limit by }. Then WererstRass’s theorem is 
established if we show that 
> 
(1) 
and this we will now do. 

Let ¢ and 6 be two arbitrarily chosen positive quantities, and let the polygon 
P be so chosen that 


(2) S <€ 


and that the length of the longest side of P is lessthan 6. Form the (improper) 
integral J for the curve C=. This will be a proper integral provided we 
assign to the arguments 2’, y’ definite (but arbitrary) values at the vertices of 


P. We have then: 


T= Ys y jdt = F(x, Ys on’. y 
e ty Tj 


(3) 
where 
w, = $(t, + J At) = + 0<8,<1, 
and 


By proper choice of 6, it is possible to make 


where / denotes an arbitrary positive constant. 
The function (2, y, cos $, sin $) is uniformly continuous and hence, by 


proper choice of /, we can insure that 
(5) F(x, + os a,, sin a,) — F'(x,, C08 a;, sin a,)| 


where Az, p, = cos a,, Ay, p, = sin a, and p, = “Ax; + Ay?. Multiplying (5) 


) 
t 
} 
| 
} 
\ 
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through by p, and adding from i = 0 to i =x —1, we get, remembering that 


F'(x,, y,, a,, sin a,) p, = F'(x,, y;, Av,, Ay,) ete., 
(6) I—S|<el,. 
Since F(x, y, sin $, cos ¢) is always positive and is continuous, it has a posi- 


tive lower limit when «, y, @ vary arbitrarily, and hence it is only for curves 
that have a length that S can converge toward a limit, as is at once evident if 


the are S of P is used as the parameter ¢ in (3). Denoting the length of 
C’ by /, we replace (6) by the relation: 
(7) S| <el. 
From (2) and (7) it follows that 
+1). 
But, from the theorem of $1, 


T=J+ 


54 (u, + L —u,) 


4(u,+L— apo 1). 


and henee 


Since ¢ is arbitrary, the truth of the relation (1) is thus established. * 
* Note of July 6. HILBERT has given a definition of the integrals 


which, like the Weierstrassian definition of the former of these (written in homogeneous form), 
is a generalization of the ordinary definition for the case that the function y or z does not have a 
continuous first derivative or continuous first partial derivatives ; cf. E. R. HEpRIcK, Ueber den 
analytischen Character der Lésungen von Differentialgleichungen, Dissertation, Gittingen, 1901, 
p. 69. For the integral considered in the present section, HILBERT’s definition is in substance 
the following. Let the continuous curve (’ be divided as before into n segments by the points 
Tes » Ta = ti, where 7; < Through these 7 points pass an arbitrary curve, which 
HILBERT assumes to be analytic; it is enough to assume that it is made up of a finite number of 
pieces, each of which is a continuous curve having a continuous tangent throughout its whole 


extent, its extremities included. From the integral J I ‘F(x, y, 2’, y’)dt for this curve. 


Then when all such curves through the n + 1 points are considered, the various values of the in- 
tegral will have a lovrer limit. In the case of the geodesic integral this lower limit is obviously 
the length of the inscribed polygon above considered. Next, consider the totality of values con- 
sisting of these lower limits ; to each one of the infinity of modes of division of C into n parts 
corresponds one such value, and n=1,2,---. The upper limit of these values HILBERT de- 


fines as the value of the integral in question. 

Thus we have, in form at least, a new generalization of the integral J for curves C for which 
this upper limit is finite ; and the totality of such curves form a class (A’). This class coin- 
cides, however, with the cluss (K) and the value of the generalized integral for a curve of the 
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new class coincides with the value of the integral generalized according to Weterstrass’s defint- 
tion for the same curve. The proof of this theorem depends on the fact that the integral J can 
be made a minimum by a curve ¢ connecting any two points of 7, provided that the distance 
between these points does not exceed a suitably chosen positive constant /, and that these curves 
have continuous curvature which lies (numerically) uniformly below a suitably chosen positive 
constant G. Thus, when n is large and the maximum distance between two successive points 
Ti, Ti+1 is small, the lower limit of the integral will be obtained by employing the curve made 
up of the z curves connecting the x + 1 points, each curve being so chosen as to make Ja mini- 
mum over against all other curves having the same extremities. These curves differ but slightly 
from right lines in all of their properties that are essential for the above proof. 
HARVARD UNIVERSITY, 
CAMBRIDGE, MAss., April, 1901. 
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CONCERNING HARNACK’S THEORY OF 


IMPROPER DEFINITE INTEGRALS* 
BY 
ELIAKIM HASTINGS MOORE 


INTRODUCTION. 


In this paper I consider the improper simple definite integrals of Harnack 


(1883, 1884). 


In the introduction I wish to characterize somewhat clearly the 


theories of the improper simple and multiple integrals recently given by JORDAN 


(1894) and Srouz (1898, 1899), and in this introductory paragraph I summarize 
the contents of the whole introduction. These theories for the simple integrals 
have intimate relations with the Harnack theory. The definition adopted for 
the multiple integrals is more exacting than that for the simple integrals. The 
multiple integrals converge or exist (as limits) only absolutely. For the simple 
integrals we have then two theories, on the one hand, of the integrals with the 
milder definition, and, on the other hand, of the integrals with the stronger de- 
finition and so with a larger body of properties. The first class of integrals in- 
cludes the second class of integrals. The Harnack theory relates to the first 
and general class of integrals; this theory has not received systematic develop- 
ment; however, for the theory of the absolutely convergent HARNACK integrals 
this is not true, and these integrals constitute the second and special class of 
I discuss both classes of simple integrals simultaneously and by uni- 
form process; this is made possible by suitable determinations of the definitions: 
the absolute convergence of the integrals of the second class appears only at the 
conclusion, and hence it is desirable to introduce terms of discrimination con- 
noting the two definitions, the milder and the stronger; the terms chosen, 
“narrow,” “ broad,”’ connote the geometric form of the definitions, and likewise 
the fact that the class of narrow integrals has a less extensive body of properties 
than the (included) class of broad integrals. There has been a tendency to do 
away with the non-absolutely convergent HARNACK integrals: I hope to show 
that this tendency rests upon misconceptions.—The theory of DE LA VALLEE 
Poussin (initiated in 1892) is in form distinct from the HArNAcK theory and 
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relates primarily to absolutely convergent integrals. It is not involved in the 
present paper. 

HARNACK, in papers* published in 1883 and 1884, in volumes 21 and 24 of 
the Mathematische Annalen, first gave a definition for the notion of an 
improper definite integral from a to } of a real function F’ («) having these two 
properties : 

(1) The function F’(*) assumes values indefinitely great in the neighborhood 
of points ¢ constituting a point-set + Z lying on the interval a) and of content 
zero; and 

(2) The function F’(«) is properly integrable in the neighborhood of every 
other point » of ab, or what is equivalent, it is properly integrable from «’ to b’ 
where a‘b’ is any interval of v), which contains no point ¢. 

HARNACK’s definition was formally a definition not so much of the definite 
integral 


(1) 
itself as of the definite integral function 
ay 


Indeed his definition, in common with many limit-definitions of that period and 
of earlier periods, was not expressed in explicit form. From the context one 
may infer that Harnack was so desirous of passing to the less immediate 
applications of the notion that he was unwilling to attend to the systematic 
exposition of the fundamental elements of the theory. Thus he was led into 
error,—with respect to the general theory, notably in the theorem ¢: 
If the set Z of singularities of the function F’(«) is reducible (and so of 
content zero), and a continuous function ¢(2) of # on a) exists, for which 


— = F(x) de 


for every interval «'«” of ab, containing no singularity ¢, then the integral 


* Anwendung der Fourier’schen Reihe aut die Theorie der Functionen einer coi ren 
Veranderlichen ; vol. 21 (1883), pp. 305-326; cf. pp. 324-326. Die aligemeinen Sitze iiber 
den Zusammenhang der Functionen einer reelien Variabelen mit ihren Ableitungen, II, Thetl ; 
vol. 24 (1884), pp. 217-252 ; ef. p. 220 fg. 

t+ It is convenient to use set as the equivalent of Menge and ensemble.—For CANTOR’s Punkt- 
menge OSGooD has used the English term Cvntor’s set. 

t Loe. cit., vol. 24, p. 222, theorem 3. This theorem depends on theorem 2, which is like- 
wise erroneous (cf. § 5 6°). 
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| F(x) de (2 of ab) 


exists * or converges and has the value 


This theorem was designed to show that the improper definite integrals defined 
by HéLper (Mathematische Annalen, vol. 24 (1884), p. 190 fg.) are 
special cases of the HarNACK integrals, the set Z being reducible. And this 
does follow, by the elucidations of HOLDER as to the uniqueness of his definite in- 
tegrals, whenever the corresponding HaRNaCK integrals exist. Thus the Har- 
NACK integrals with reducible sets of singularities are HOLDER integrals, and the 
HOLDER integrals for which the corresponding HARNACK integrals (with re- 
ducible sets of singularities) exist are these HARNACK integrals. By examples 
in $5 (4°, 9°) I show that each system of integrals is more extensive than their 
common subsystem. 

I accept the sharp formulation of the limit-definition of the integral (1) given 
by Stoiz+} (1898) as doubtless a correct expression of the content of HARNACK’s 
meaning. 

As SCHOENFLIES f¢ has remarked, the generalized simple definite integrals of 
JoRDAN ( Cours Janalyse, ed. 2, vol. 2 (1894), pp. 46, 50 fg.) are§ Harnack’s 
improper integrals, although there is no reference to HARNaAcK and the form of 
exhibition is different. JORDAN (loc. cit., p. 46) selects two properties of the 


*I think of the integral as a limit, that is, as a certain number obtained by a certain limiting 
process, and prefer to say in general that the limit exists rather than that it converges ; the limit- 
and expression converges to the number in question as its limit. 

+ The full reference is given below. 

tJahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8: Bericht 
(1900), p. 176.—ScCHOENFLIES (loc. cit., p. 186) gives suggestively but not explicitly a defini- 
tion of the HARNACK integrals in terms involving the set of non-overlapping intervals of ad 
which enclose no point £ and every point not-5 enclosed by a). One may form three explicit 
definitions in these terms. The third definition agrees with the definition given by SToLz, and 
the second is equivalent to it, while the first, which alone fully expresses the implications to me 
of the language used by SCHOENFLIES, is a definition considerably milder. 

§ At least if the content of the set [' of points ¢ (loc. cit., p. 50) is zero. SCHOENFLIES sug- 
gests that a condition to this effect may have been unintentionally omitted. But JoRDAN defines 
(loc. cit., p. 76) double integrals without the insertion of the analogous condition ; for (contrary 
to a statement of SCHOENFLIES) he speaks merely of the interior content of the region of integra- 
tion. However, in the case of the simple integrals, if this condition is omitted, the theorem 


cited in the text will fail, whenever the condition for J F(x) dx is not satisfied, even for all 
Ja 


cases in which G(x) is a non-zero constant. It may be noted here that JoRDAN’s set I’ is the 
set of all points c in whose neighborhood the function (2) is not capable of proper integration. 
Thus, the set l' includes HARNACK’s set Z. But we have the theorem that the set [ is HAR- 
NACK’s set Z, in case l' has content zero and the improper definite integral exists. Cf. theorem 
VIIA of §3. 
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proper integrals which serve to suggest the explicit definition of the gener- 
alized integrals. But the theorems of the sequel and the reference theo- 
rem implied (p. 226, ll. 9, 10) in the proof of the second mean value 
theorem for the generalized integrals, certainly need fuller proofs: indeed, 


the theorem* that F(x) + G ) dx exists and 


(F(x) dx = F(x) dx + G dx 


in case the integrals on the right exist, is not in general true. In $5 8° I give 
a simple example in which the integral in question does not exist. 

Quite recently Harnack’s theory (without reference to JORDAN’s theory) has 
been considered systematically and critically by STOLz, first in 1898 in a paper + 
entitled “Zur Erklirung dev absolut convergenten uneigentlichen Inteqrale,” 
and then in 1899 (with but slight modifications) in appendix III to volume 3 of 
his Grundziige der Differential- und_Integralrechnung, and further immediately 
thereafter, in 1899, ina paper entitled “Uber die absolute Con VErY CUZ der un- 
eigentiichen bestimmten Integrale.” + 

Srouz gives ¢ an explicit definition of the Harnacxk integral (1) as a certain 
limit, and then, considering the theory of these integrals, he affirms that it fails 
to justify for the limit in question the notation and designation definite integral 
—that one has not even the property that if [°F (#) de exists, so do all the 


integrals dx (a<ec<b). Contenting himself at this point with an 
affirmation, Srotz turns to the theory of the absolutely convergent integrals 
(1), that is, those for which also the corresponding integral f F'(xv) dx exists, 
and finds$ that these integrals deserve the name, since they possess certain 
four fundamental properties. 

The definition given by Stotz has application with respect to any point-set 
= lying on the interval ad and of content zero, which contains the set Z used by 
HarNack, and in so far his definition is formally more comprehensive than 
HarNaACKk’s definition. This extension was necessary for the formulation of the 
third and fourth of the four fundamental propositions which are as follows : 

Under the hypothesis that F’'() is absolutely integrable from a to ) with re- 
spect to a point-set = of content zero: 

I. F(x) is likewise integrable from @ to c and from c to b, where c is any 
point of a), and 


* Theorem 3, $58, p. 56.—This theorem would follow directly from HARNACK’s erroneous 
theorem 2 cited above. , 

t Wiener Berichte, vol. 1071, pp. 207-224; vol. 10813, pp. 1234-1238. 

t Wiener Berichte, vol. 107, pp. 207, 211. Grundziige, vol. 3, p. 277. 

§ Wiener Berichte, vol. 107, p. 211, §2, and pp. 216-221, §5. Grundziige, vol. 3, 
pp. 277, 279-284. 
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| F(x) de = | F(x) de + | F(x)de. 


II. For every positive ¢ there is a positive 6, such that for any set of a finite 
number (n) of non-overlapping intervals a,b, (a, <6,; =1,.---, of the 
interval ab of total length less than 6, the sum of the » integrals [ “ '(x) dris 

Ju, 


in absolute value less than e. 

III. F(x) is absolutely integrable from « to 4 with respect to the point-set 
= + H obtained by extending = by any set H of content zero, and the integrals 
with respect to = and to = + H are equal. 

IV. If G(x) is absolutely integrable from « to b with respect to the point-set 
H of content zero, then F’(#) + G (x) is likewise integrable with respect to the 
aggregate set = + H, and 


{ F(x) + G(x)) dx= | F(x) dx | G (2) dx. 


e 


As to these theorems it is to be noted that the third is an immediate conse- 
quence of the first two, and that the fourth is an immediate consequence of the 
third. 

As to the corresponding theorems for the HarNaAck integrals in general I 
shall show ($3 V, VIII) that the first is in fact true, notwithstanding the state- 
ment* of SToLz to the contrary ; the second is the erroneous theorem 2 of Har- 
NACK and the fourth is the erroneous theorem 3 of JorDAN. Indeed, the valid- 
ity of the second theorem for a Harnack integral implies its absolute con- 
vergence (cf. § 2, def. 1, note 1, footnote, and $4 III). The second theorem is 
in effect a generalization of the uniform continuity of the definite integral 
function /(«); for the non-absolutely convergent HarNnack integrals the uni- 
form continuity of /(2) holds (§ 3 LX, § 5 6°). 

The limit-definition of the integral (1) relates to the various interval-sets J of 
a finite number of intervals enclosing al] points € or & of the set Z or =; in 
notation J = J(Z) or J(=). According to the implication of HAarNack and of 
Strowz and the explicit statement of JoRDAN (loc. cit., p. 51, top) every interval 
of J encloses (at least) one point £ or &. 

JORDAN'S definitionst for the improper simple and multiple integrals relate 
to closed measurable regions D lying within the bounded or limited region / 


* This statement of Stowz is reaffirmed by PRINGSHEIM (Miinchener Berichte, 1900, p. 
220) in his recent paper on the second mean value of the integral calculus, and it is the basis of 
PRINGSHEIM’S rejection of HARNACK’s extension (Annalen, vol. 21, p. 326) of that theorem 
to the general improper integrals ; the theorem as extended is, however, correct, and the follow- 
ing development of the general theory makes HARNACK’S elegant proof effective. 

t loc. cit., pp. 51, 76, and 87. The theory of the improper upper and lower multiple in- 
tegrals is first developed. 
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of integration and containing no singularity c. For the simple integrals the 
complementary region — J) is the interval-set = each of whose 
intervals encloses a point c. For the multiple integrals the corresponding con- 
dition is not imposed, and accordingly the condition for the existence of the 
improper integral is stronger, and JORDAN proves* that the multiple integrals 
as defined exist only absolutely. For the simple integrals the corresponding 
theorem does not hold, and JorpaN (p. 87) remarks that the loss of the theorem 
is due to the fact that the definition for the simple integrals is less exacting, 
although he expresses himself somewhat obscurely, in terms of one dimension 
not capable of immediate extension to more dimensions. 

SToLz+ develops the JoRDAN definition of improper double integrals for the 
case ¢ of a region / with ordinary boundaries on which all the singularities ¢ 
lie. The one-dimensional analogue of this case is that of a finite interval 
with singular extremities, and for the simple integrals J) is a sub-interval of 
In his last paper Stoxz, following W1rTINGER, notices that if (as in two 
dimensions) the is allowed to be an interval-set the improper integrals exist 
only absolutely. (This, we have seen, was the implication of the remark of 
JORDAN.) And, further, he likewise notices (as a generalization for the special 
case of the theorem of JoRDAN) that the double integrals would still exist only 
absolutely even if they were given a less exacting definition, the region J) being 
required to be (as in the case of the simple integrals) connected || or of one 
piece. 

To revert to the general case of multiple integrals, it is now apparent that for 
a definition formally less exacting than JORDAN’s we may impose on the region 
D which converges to / the conditions: (1) the region / — DP consists of 
one or more regions, each being of one piece and each enclosing a singular point 
c; (2) the region J consists of one or more regions, each being of one 
piece and no two being capable of union as parts of an including connected re- 
gion J); (3) the region LY consists of a finite number of connected regions. 
And these conditions on the region 1) may be imposed or not imposed indepen- 
dently of one another. 

In this paper I confine attention to the simple integrals over a finite interval 
EF = ab; the conditions (1) and (2) then become identical; we impose the con- 
dition (3), and thus have the theory of the narrow or of the broad simple inte- 


* loc. cit., pp. 80, 87. 

t Grundziige, wol. 3 (1899), p. 122 fg. 

t This case is hardly equivalent to the general case, although SToLz considers that it is (cf. 
loc. cit., p. 122). The proof (p. 141 fg.) of the theorem of the absolute existence of the im- 
proper double integrals I find inconclusive. 

$ Wiener Berichte, vol. 108 (1899), pp. 1234-1238. 

SCHOENFLIES (loc. cit., pp. 203-205) in his report on this paper of Stonz seems to confuse 
definitional conditions for the existence of an integral and properties resulting from its existence. 
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grals, according as the interval-set  — D is not or is required to have on its 
every interval a singularity c. By developing the two theories simultaneously 
we obtain a new insight into the varying properties of the general and the abso- 
lutely convergent HarNAcK integrals. 

In my judgment the general integrals—even the non-absolutely convergent in- 
tegrals—deserve to be classed with the proper definite integrals under the desig- 
nation definite integrals. To be sure they lack in general many fundamental 
properties of the absolutely convergent integrals. We may however look at these 
matters in such a way that the properties of the different classes are more nearly 
equivalent. Let us think not of the proper or improper definite integral but, 
more generally, of the definite integral with respect to a point-set = of content 
zero and thus write for instance { _ f(x) dx, and speak of the =-integrals. 
Then for every = there is a theory of the narrow and of the broad = integrals, 
and for the various sets = these theories, in so far as they relate to a single 
set = or toa single set = and its subsets =, including the set Z of singu- 
larities of the integral function F’(#), are to a large extent the same. (I 
remark in passing that the desirable theorem ($2 V): if F’(#) is =-in- 
tegrable from a to 4 and the set Z is non-existent, then /’(#) is properly in- 
tegrable from « to 4 and F'(#) dx, holds only if the content 
of the set = is zero. And in this fact I see one of the strongest reasons for con- 
sidering only such sets =.) 

In the sequel the theories of the narrow and the broad Harnack integrals are 
developed from this point of view and otherwise essentially in the spirit of the 
original HarNack papers. The necessary fixed hypotheses, etc., being intro- 
duced in $1, I give in $ 2 for the =-integrals the definitions and a number of 
fundamental theorems, and then in $3 I develop the properties of a function 
F'(w) Z-integrable from a tod. I bound the inquiry of § 3 in effect by the 
form of the four fundamental theorems of Stotz. Then in § 4 the questions of 
absolute convergence are introduced. And in § 5 (added July 1, 1901) after 
exhibiting an important condition necessary and sufficient for the existence of 
the general or narrow Harnack integral, I construct for the general closed 
point-set = on ab of content zero a =-integral from « to b for which the set = is 
the set Z of singularities, and which is near every point « = & essentially nar- 
row or non-absolutely convergent; and in connection with the simplest case, 
= = ()), I exhibit the examples needed to show the error of various statements 
already referred to. 

$1. 
FUNDAMENTAL HYPOTHESES, DEFINITIONS, AND NOTATIONS. 


1°. We consider the finite interval ad of values of the real variable #. In 
the proofs of the propositions we shall consider the case a <4, to which the 


case « > b is immediately reducible. 
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2°. We consider further a point-set 5 of points € which is of content zero. 
As explained in § 2 the set = will later be supposed to be closed: this supposi- 
tion involves no restriction of generality. The aggregate or sum =, + =, of 
two sets =,, =,, each closed and of content zero is again a set of the same kind. 

3°. On the interval a) the real function F’ («) is supposed to be single valued 
wherever defined, and it is supposed to be defined certainly at all points # not 
of =. Moreover it is supposed that 7’ (2) is capable of proper definite integra- 
tion from a’ to 6’ where the interval a’}’ is any interval lying on the interval 
ab and containing no point & and no limit-point &' of =. 

4°, With respect to /’ (x) it is convenient to separate points « =, into two 


classes. The point x=, is regular if near x, (i. e., on some interval 


0 


x, — +6) is everywhere defined, single valued, and limited: and 
otherwise it is singulay. A singular point # = € may be both progressively and 


regressively singular or merely progressively (¢ = or regressively = 
singular. We speak of the singularities ¢ and of the singular point-set Z of all 


points ¢. The set Z is closed. Obviously every singular point € is a point & 
or a limit-point £’ of 2; if the set = is closed, the set Z is a subset of it. 

5°. A finite number of intervals such that no two have a common point is 
‘alled an interval-set. Denoting by J an interval-set we denote its length, the 
sum of the lengths of its intervals, by D,. 

6°. Two intervals j,i, having a common inner point determine a definite in- 
terval 7,, = ,, common to i, andi,. Two interval-sets J, /, having a common 


21 
inner point determine a definite interval-set 7,, = /,, which may be called the 
set of intervals common to J, /,, that is, every 7,, of 7, is the interval com- 
mon to certain two intervals i, of Z,, i, of Z,. The set common to a set J and 
an interval is denoted by / 

For brevity, especially in partitioning interval-sets, it is sometimes convenient 
to use these notations, even when the interval-sets in question do not exist ; for 
example, an interval-set J is, by an interval x,7, separated into two interval- 
sets I’ (of which one may not exist), and we write J = 

7°. An interval-set J is said to contain any point-set S, all of whose points are 
points of 7; and in this case S is said to be of or to lie on 7. Further an 
interval-set is said to enclose a point-set S if every point s and likewise every 
limit-point s’ of S lies within some interval of Z; and in this case S is said to 
be an inner set of or to lie within 7. The interval-set J is said to contain or to 
enclose the point-set S narrowly, and S to lie respectively on or within J nar- 
rowly, if furthermore every interval of 7 contains or encloses at least one point 
sof S. It is convenient to denote by 7(S) an interval-set which encloses S 
narrowly, and by 7{S} one which encloses S not necessarily narrowly. or, say, 
one which encloses S broadly. Thus the broad is the generic enclosure, and 
the narrow is a specific enclosure. 


| 
| 
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8°. The set = being by hypothesis of content zero, for any positive number 
e there an interval-set 7, enclosing = narrowly and of length D, <e. 

9°. On the fixed interval a) in connection with any interval-set J (not neces- 
sarily lying on the interval a)) we introduce a function /’,(”) by the following 
stipulation : according as the point x of ab lies or does not lie on 7, /’,(x) has 
the value 0 or #’(2), with the understanding that, if Z is the symbol of a non- 
existent interval-set, F’,(7) = F(x) for every « of ab. It is to be noticed that 
if J encloses =, then /’,(x) is on the interval ab everywhere defined, single 


valued, limited, and capable of proper definite integration from « to ). 


THE DEFINITE INTEGRALS NARROW AND BROAD 


| F'(x) dx, dv 


OF THE FUNCTION F(a) FROM « TO 4 WITH RESPECT TO THE SET =: 
DEFINITIONS, CONDITIONS NECESSARY AND SUFFICIENT FOR 
EXISTENCE, AND FUNDAMENTAL THEOREMS. 


We consider simultaneously the two cases : 


(1) the narrow =-integral, F(x) dv: 
(2) the broad =-integral, | F(a) dx. 


When these integrals are considered simultaneously and disjunctively (as in 
$$ 2, 3) we speak simply of 
(3) the =-integral : | F(x)de. 
In case J denotes an interval-set enclosing = narrowly or broadly the func- 


tion F’,(«) is capable of proper definite integration from a tol. We consider 


the proper definite integrals : 


(4) | 


for the various interval-sets Z enclosing = }\"""\!", and denote by the respective 


limit-notations: 


7 
(9) L | F; (x) dx; F, 
D,;=0 da da 
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certain finite constant limits, if existent. Then we give those limits the specific 
=-integral notations : 


(6) 


Thus we have the explicit 
Definition * The (existent) S-integral: 


Ile 
= Dj= a 
(7) 
(a) da = L, 
e 


is a certain finite constant such that for every positive number € there exists a 


positive numbert 8. such that 
(8) | (x)dx — <e 


for every interval-set I enclosing narrowly and of length D, é. 

Note 1. The broad =-integrals constitute a special type of the narrow =-in- 
tegrals §. In this connection the adjectives narrow and broad may connote the 
fact that the body of properties of the narrow integrals is less extensive than 
and included in the body of properties of the broad integrals. The essentially 
narrow integrals are the not-broad narrow integrals. 


* This definition (of the narrow =-integral) seems to express (for = —Z) exactly HARNACK’S 
meaning in form as well as in content. 

HARNACK defines the improper definite integral over a certain interval as a certain limit of 
the proper definite integral over the same interval of a modified function. There are certain 
advantages (cf. the remark of § 3 VI) in this type of definition. A different definition of this 
type is that of DE LA VALLEE PovussIN for the absolutely convergent generalized definite in- 
tegrals. (With respect to this matter SCHOENFLIEs (loc. cit., pp. 186, 187) has erred in setting 
in contrast the two limiting processes in question. ) 

+ To the various 6’s related in this paper to the arbitrary positive « I give the notations 
ete., where the superscripts are discriminating affixes and not exponents. 

t This fundamental definitional property of a function F(x) =-integrable from a to b is (with 
modification of the 6.) considerably extended in theorem XIV of $3. 

§ That the narrow =-integral (1) be a broad =-integral (2) it is obviously necessary and sufii- 
cient that for every «a J exist such that, in the notation (11), 


| P(x) dx 

JJ 

for every interval-set J lying on ad and containing no point £ and of length Ds <6;. Indeed 
this condition (cf. JoRDAN, loc. cit., § 74, p. 77) is necessary and sufficient for the existence of 
the broad integral (2). The reader will compare this remark with $3 XIII’. 
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Note 2. From the definition it is apparent that the =-integral and the 
(= + =’)-integral, where =’ is the set of all limit-points £’ of =, coexist and 
are equal; that is, if either exists, so does the other with the same value.—The 
set = + =’ is closed and of content zero.— We suppose hereafter that the set 
= is closed. This supposition involves no essential loss of generality and it 
facilitates the phrasing of many proofs. 

If this =-integral exists we say that /’(«) is Z-integrable from a to b. 


Definition 2. The function F(x) is progressively rr B-integrable at 


=o, if there is an interval + €(€> 0) such that the B-integral 
Srom x, to + exists —Regressive Z-integrability at a point is similarly 
defined. 

Definition 3. The function F (x) is Kr" B-integrable on ab (a < b) if at 
a it is progressively, at b it is regressively, and at every other point of ab it 
is hoth progressively and regressively =-integrable. 

Remark. It will appear ($3, theorem V, corollary) that if /’ (x) is =-integ- 
rable on ab it is Z-integrable from a to b. 

One proves by the usual limit-considerations the following two theorems : 

I. The E-integral if existent is uniquely existent. 

Il. For the evistence of the definite aeieny =-integral 


(9) 


it is nece ssary and sufficient that for every € a é! exists such that 


Sor every par of interval-sets f, I, each enclosing = - and of length less 
than é! 

Remark. If the Z-integral (9) exists, the number 6,, is effective as a num- 
ber 6! of the necessary condition (10). Anfd if the sufficient condition (10) is 
fulfilled the number 6!, is effective as a number 6, connected with the conclu- 
sion that the =-integral (9) exists. 

III. Uf the function F'() is B-integrable from ato and from c to b, where 


lies between a and b, then the function is B-integrable froma tob, and 


h 
| F' (x)dx = F'(x)\dx F (x)dx 
One proves this theorem by use of the corresponding theorem for proper defi- 
nite integrals together with theorem I. The converse of this theorem is theorem 


VIII of § 3. 


vw. 
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Notation. For a function f(x) properly integrable on the various intervals 
ab, (4,<b,; 1=1, 2, ---, n) of an interval-set J we introduce the notation 


(11) | (w)de, 


by the definitional equation : 


(12) | ST dx = > | da; 
Ju, 
and, in case J is the symbol of a non-existent interval-set, it is convenient to 
understand by the notation (11) the constant zero. 
Lemma I. If the function /(2) is properly integrable from a to } and J is 
any interval-set of the interval 0), then 


| <D,C, 


where C’ is any positive number greater than | f(2°)| for every point « of the in- 
terval ah. 
This is a fundamental theorem of the theory of proper definite integrals. 
Lemma II. If the function f(2) is properly integrable from «@ to ), then 
for every ¢ there is a 8; such that 


| x)de <e 
J 


for every interval-set J lying on ab and of length D, < 6). 

Lemma II follows from lemma I immediately. Lemma II is a generalization 
of the theorem of the uniform continuity on the Y-interval ab of the definite 
integral functien J 

IV. Uf the function F'(x) is properly integrable from a to b, then with re- 
spect to every set & of content zero the function F(x) is E-integrable from a 


to b, and 


rely 


[ Fe)de= 


Ja 


Corollary.* If the function /’(x) is properly integrable from @ to b and a 
function G(x) is defined and equal to /’(x) on the interval ab, except perhaps 
at points of a set = of content zero, then G (x) is =-integrable from « to b, and 


| G (2) dx = F(x) dx. 


* Compare the remark of STOLZ, Grundziige, vol. 3 (1899), pp. 283, 284. 


} 
= 


308 E. H. MOORE: CONCERNING HARNACK’S THEORY [July 


narrowly 


Taking a definite set = we denote by J any interval-set enclosing = }"""\\ 
by J the interval-set 7’, and by A’ the interval-set making up with J the in- 
terval «). Either J or A may be non-existent, but one at least is existent. In 
these notations we have evidently 


F'(x) de = | dx | F(x) dy 
Ja J 


| dv= | dw. 
e Jk 
and so 


| de F(x) de = | F(x) dv 


J 


From this equality, since ,= )),, the truth of theorem IV appears by the use 
of lemma II, the definition of the =-integral, and theorem I. 

V. If the function F(x) exists on the interval ab as a single valued limited 
Junction of x, and if it is with vr spect to a certain set = of content zero =- 
integrable from a to b, then it is likewise properly integrable from ato b, and 
hence, by theorem IV, 


F(x) dx = | F(x)\de. 


This theorem is a corollary of the known 

Lemma III. A necessary and sufficient condition for the proper integrability 
from « to 1 of a function F(x) existent on the interval ab as a single valued 
limited function is this, that, with respect to a closed point set S of content zero, 
the function /’(«) be properly integrable from to where the interval is 
any interval of «/ containing no point s of the set S. 

The theorem of lemma III was developed by Pascu * for the proper definite 
integral as defined by Riemann, and later independently by Sroiz+ for the 
integral as defined by PEANo.t The two definitions are equivalent in content. 

The lemma-theorem is a corollary of a théorem of Dri (1878: Dixt-Li‘rorn, 
$ 185), which has close relations to the PEANO definition, and which is likewise 
given by SToiz§ independently, but with reference to another theorem of Drxt 
(Drx1-Li‘rotn, § 184), a particular case of the one here referred to. 

VI. If F(x) is =-integrable from ato b and if is any subset of such 
that for every interval-sct I, enclosing =, the function F’, (*) is properly in- 
teyrable from a to b, then F(x) is Z,-integrable from a to b, and 


*Mathematische Annalen, vol. 30 (1887), p. 147. 


t Wiener Berichte, vol. 107 (1898), p. 736; Grundzige, vol. 3 (1899), p. 272. 

t Lezioni di Analisi infinitesimvle (1893), § 103; Annalidi Matematica, ser. 2, vol. 23 
(1895), p. 157. 

$ Monatshefte fiir Mathematik und Physik, vol. 7 (1896), p. 293. 


| 
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F (x) dv. 


(13) | F(x) dx == 


Remark. The set =, includes the subset Z,, lying on ad of the singular 
set Z of the function /’'(#) (ef. $1 4°), and it will appear by theorem VIIA 
of $3 that =, may be any such subset of =. 

We shall prove that 


(14) F’, (x) dx F (a2) dx < 


for every interval-set J, enclosing =, }i'";)!" and of length D, < 16... 
We extend J, by an interval-set J so that the interval-set 7, 7= J, + -/, en- 
» PY 
closes = ply, Since = has content zero and in accordance with the present 


hypothesis, in view of an obvious extension of lemma II from an interval a), to 
an interval-set (in the present application, to the interval-set extending J,’ to the 
interval wh), we are able to choose J so that D,< 16,, and 


(15) | F’(w)du < he. 
Then D, < 6;,, and hence 
(16) | F(x) dx _ F (x#)\dx < de. 


Then the desired inequality (14) follows from (15), (16) since 


dx + | F (x) dx == F, (xv) dx 


§ 3. 


FUNDAMENTAL PROPERTIES OF A FUNCTION (2°) Z-INTEGRABLE FROM « TO 


Fixed hypothesis. The following theorems concerning the function /'(. 


involve the fixed hypothesis that the }:"")" =-integral 


F(x) da 
exists. 


I. The Junction F(x) is E-inteygrabli Srom to a, and 


F(x) dv F(x)\dx. 


vate 


| | 
! 
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Il. The function (x), where is any constant, is B-integrable from «a to 


b, and 


| (x) dx =C F'(x) dx, 


These two theorems follow immediately from the corresponding theorems con- 
cerning proper definite integrals together with the definition of the =-integral. 
Ill. For « very € there isa é! such that the inequality : 


| F’, de — F’ (a) dx 


holds for every pair of inteqral-sets each enclosing = ue and of 
length less than 6! 
This theorem is the necessary condition 
IV. For ere ry € there is a 6° such that 


viven in theorem II of 


5 


= 


for every two points A of the interval ab and every pair of interval sets I 9 
I, each enclosing = - 4 and of length less than -. 

This theorem, whose proof will be given in connection with theorem X, of 
which it is a particular case, affirms that with respect to any two points 2,, 2, 
of the interval «4 the condition sufficient for the existence* of the =-integral 


F'(«) dx is satisfied, and we obtain immediately theorems V and VI. 


V. The definite integral 


dx 


exists where we, areany tro points of the interval ab, and indeed uniformlyt 


on the set of all such point-pairs 
Corollary. If the function F’(«) is Z-integrable on ab, then it is Z-inte- 
grable from « to b. 


Vi. For every € and every two points LH, of the interval ab 


(2) | 


l l 


F(x) dx = 


*At this point one observes that our definition of the integral | F(x) dz is more convenient 
a 


than a definition applicable merely to cases in which the point-set = lies on the interval ab. 


t In that é is independent of 7, 7,. 
t Cf. definition 3 and theorem III of §2. The proof is indirect and quite anal ogous to the 
proof of the corresponding theorem as to proper definite integrals. 
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for every interval-set I enclosing = pr" and of length less than &. 
Remark. Theorem VI is useful especially in case +, =, #,= \, when it 
establishes a relation on the .Y-interval a) between the various definite integral 


functions: 


F(x) dx, | F(x) dx, 
Vase 
where J denotes an interval-set enclosing = p7"y!"~ 


VITA. If F'(#) is B-inteqrable Srom a to and if 
which contains the subset Z,, lying on ab of the singular set Z, then F(x) is 


is any subset of = 
= -integrable from atob,and 


| | 


F(x)\dz= F'(x)dx. 
= vaZ 
VILB. If the function F’ (x) is integrable from a to b with respect to each of 


two point-sets — =, of content zero, then it is likewise with respect to their 


common subset ,, and with respect to their aggregate set =, + =,, and the 
four integrals are equal: 


The theorem VIIA is a generalization of theorem VI of § 2, and, in the 
light of $3 V and §2 V, it is a corollary of that theorem, the function 
F’,(w) for any interval-set J) enclosing =, being on ab a single valued limited 
function of «, as one proves from the definition of the singular set Z ($ 1, 4°) 
indirectly by the usual interval-halving process. 

As to the theorem VII B, the sets =,, =,, =,, have the set Z of essential 
singularities as a common subset. Hence by VII A the =,,-integral exists and 


we have: 


rely 


F(x) dx = | F(x) dx. 


| (2) dx = | 


Denoting for the moment by 6. the least of the 6.’s related to these three 
€ 
integrals, we consider an interval-set J enclosing =, + =, Ay!" and of length 
D,<6,,. Then, setting in a definite way: 
I= I, + + 
where J,, encloses =,, narrowly, and /,,+ J, encloses =, and + J, 


encloses =, }2""\!", we have obviously, in view of the equality of the three inte- 
grals, the three inequalities: 
| dx — | de < 
=< 


Trans. Am. Math. Soc. 21t 


i 2 
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from which, in view of the fact that /’(x) is properly integrable on J, and /,, 
we deduce readily the inequality : 


| File)de- | F(x)dx <e, 
needed to complete the proof of the theorem. 
VIII. The relation: 


> 


(3) | F(x) dx + | F (x)\dx = | dx, 


holds for every three points «,x,x., of the interval ab. 


This follows easily from the corresponding theorem concerning proper definite 


y harrowly 


integrals. We have for every interval-set J enclosing = }\ty)\ 


(4) | dz + | = | F(x) de. 


ty 
For an interval-set J of length )), < & the two sides of the equality (4) differ 
respectively from the two corresponding sides of (3) by less than 2e. Hence 
the two sides of (3) differ by less than 4e and so are indeed equal. 

IX. The definite integral function : 


ax 


(X ) = | dx 
vat 
is a continuous function of the variable upper limit X on the X-interval ab. 
Introducing with respect to an ¢ an interval-set J enclosing = narrowly and 
of length D, < &.,, we have by the use of theorems VIII and VI the relation: 


(5) $(X,) — <e, 
where XY, and .X, are any two points of the -interval a) such that 


1 2) 
the 5!.. being the number related to the properly integrable function /’, (#) qua 
J (#) by lemma II of § 2. And this relation establishes the uniform continuity 
of (XY) on the -X-interval aj. This theorem is generalized in theorems XIII’ 
and XIII”. 

Remark. Up to this point of the present development the theories of the 
narrow and of the broad Z-integrals are equivalent. From this point on they 
diverge; I secure for the narrow =-integrals conclusions analogous to the con- 
clusions for the broad =-integrals, by inserting an additional hypothesis in the 


first case of every theorem. 
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X. For every € there is a & such that for every interval-set J lying on the 


interval ab 


(6) [ [Pode <e 
JJ i J - 


for every par I, } of interval-sets satisfying the following conditions : 

(1) Each interval-set IL, encloses ; 

2) Each length D, _D,, is less than es 

and, moreover, in dhe jir a case, whenever J consists of more than a single 
interval, 

(3) Every interval i of I, or I, which encloses an interval 1 joining two con- 
secutive intervals of J hus with respect to every such enclosed interval 1 the fol- 
lowing property: the interval i contains either on the interval la point & or 
on each of the adjoining intervals of J a point &. 

Remark. In ease J consists of a single interval, theorem X becomes theorem 
IV: and in case J consists of more than a single interval, the third condition is 
fulfilled in particular if there is imposed on J an obvious restriction, and likewise, 
if there are imposed on J, and J, obvious restrictions, which have reference to 
the interval-set J in question. In the theorem as here stated, the uniformity 
with respect to the set of all interval-sets /,, Z,, J of the nature specified is espe- 
cially important for the sequel. 

We use the determination 


and have from theorem III the inequality : 


(8) [ F@de— de <e, 


valid for every ¢ and for every pair of interval-sets J, 7, each enclosing = 
ml’ and of length less than 26?. 

For the purposes of an indirect proof of theorem X, we suppose that the in- 
equality : 


(9) F, ) dx =€, 


holds for a certain €, a certain interval-set J lying on the interval a), anda 
certain pair of interval-sets J, J, each enclosing = })"ij/ and of length less 
than 6°, and, in the first case, s sutialiy ing the condition (3) of X, and proceed to 


exhibit for this « two interval-sets 7, Z, each enclosing = ji)" and of length 


broadly 


less than 26° for which, in contradiction with (8), the inequality : 


(10) (x) de — | (w) de — 


vu 


has validity. 


(7) = 38, 

| 

| 
t 
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It is easy to see how the inequality (9) may be transformed into an inequality 
of the general form (10). For denoting by A the interval-set obtained by ex- 
cising J from the interval ab, we have for every pair of sets J, J, enclosing =, 
the equation : 


(| F’, (2) de— | F,,(¢)de ) 
(eh J aad J 
(11) | F,,(2) de — F(x) dz = 
vk 


since the functions /’, (x), F’, (#) are properly integrable from a to b. Hence 
from (9) we obtain the relation (10) for every pair of sets /, 7, each enclosing 
= and such that 
F, (v) = F, (2), (2) = lL, (x) (x within J), 
(12) 

(v)= (a within K) , 


the various proper definite integrals having values independent of the values of 
the respective integrand functions at the extremities of the intervals of J 
and A’. 

Thus we seek to find two sets J,7, each enclosing = 2") and of length 
less than 26?, and, moreover, such that they agree on J with J, J, respectively 
and on A’ with each other. 

We denote by Z the complete «-axis with the omission of the inner points of 
J. Thus Z contains A. And we denote by J,Z, respectively the -J-section 
and the Z-section of an interval-set 7, so that 


(13) 


With respect to J and Z an interval i may lie on J or Z and so be itself an 
interval i, or i,. Otherwise the interval i is by J and Z partitioned into a 
sequence of two or more parts /,, 7;, two adjoining parts being a part i, anda 
part i,. The two extreme parts may or may not be undivided intervals j or /. 
The intermediate parts are undivided intervals j or /. 

We must for an interval-set J enclosing = }:""\\'" distribute the intervals i, of 
I, into two complementary classes. 

An interval i, is an interval ‘7, if it contains no point & and is either an ex- 
treme part of the interval i of J from which it is derived or an intermediate 
part each of whose adjoining parts i, contains a point €. An interval 7, is an 
interval i, if it either contains a point & or is of its interval i an intermediate 


part one (at least) of whose adjoining intervals /, contains no point &. 
Thus we have two interval-sets J; 7; such that J, = J; + J. 
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In case J encloses = narrowly we notice two facts which are of use in the im- 
mediate sequel. An interval i which lies on J or Z is an interval ij, or (,. An 
interval / undergoing partition with respect to J and Z contains at least one 
part i, and the sum of its parts i,, i) is an interval-set every interval of which 
contains a point &. These intervals of i are the intervals arising by the excision 
from i of its various parts i;. The interval i itself contains a point &. If it 
contains no part 77 it itself is the interval in question. If, however, the interval 
i contains one or more parts ‘7, we consider any such part /;. If i) is an ex- 
treme part the adjoining part i‘, contains a point & or has in progressive con- 
secution an adjoining part i,, since an adjoining part 7; would be an extreme 
part, and the interval i consisting of these three parts would have no point &. 
If this third part has no point £, there is a fourth part, i,. If this part i, has 
no point €, there is a fifth part (,. Thus the parts i,, 7, enter in alternation 
and the interval consisting of this complete and unbroken sequence of parts /,, 
i, contains a point &. If on the other hand 77 is an intermediate part each ad- 
joining part /, contains a point &. 

In these notations we take* I, I, as follows: 


And these sets satisfy the prescribed conditions : 

(1) Each set is of length less than 26?; 

(2) 

(3) f,, + 


(4) Each set encloses = j2rv!’, 


We need to prove that J, and so J, encloses = }"""\".. The set = is by hy- 
pothesis closed. 

We consider first any particular point &. If & lies within J or Z it is en- 
closed by an interval] of Z,, or Z{,, and so by an intervalof /,. If, however, & is 
common to J and Z it is an extremity of an interval of each set: the point & 
lies within a certain interval of J,, and it is the point of junction of two inter- 
vals of respectively, and in /,= /,,+ + these two intervals per- 
haps with others form an interval i, enclosing the point &. Thus the interval-set 
I, encloses = at least broadly and theorem X is proved for the second case. 

For the first case we consider any particular interval i, of 7, and now need to 
prove merely that it contains a point &. The interval i, arises by the union 
of certain intervals of /,,/{,Z{,. In the introduction of the notation J; 


* In the second case, one may determine suitable interval-sets J,, J, more simply as follows : 
TF", 


where J’’’ is the interval-set common to and 
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” 


for an interval-set /= 7(2) it was noted that every interval i, or i, forms 
part of a sequence of intervals i,i, constituting an interval containing a point 
&. Thus /, contains a point & or it consists of a single interval ¢,, which con- 
tains no point &. But this latter case is impossible. For an interval 7, con- 
taining no point & is an infermediate part of an interval i, one of whose adjoin- 
ing parts /,, contains no point €. But this is impossible, by virtue of the third 
hypothesis of theorem X. 

Thus, indeed, every interval 7, contains a point &. And now theorem X is 
proved also for the first case, and, hence, completely. 

XI. For every interval-set J lying on the interval ab there exists a constant, 


in notation, 


( 15) | F(x) dx, 


the integral on the interval-set J with respect to the point-set = of the function 
F(x), such that for every € the relation: 


(16) | v) =e, 
vJ 


holds for every interval-set I satisfying the following conditions : 
(1) The set I encloses = rrents ; 


(2) The length D, is less than & : 


and, moreover, in the first case, whenever J consists of more than ua single 


a 
IA 


interval, 

(3) Every interval i of IT which encloses an interval l joining two consecutive 
intervals of J has with respect to its every such enclosed interval 7 the follow- 
ing property: the interval i contains cither on the interval l a point E or on 
each of the adjoining intervals of J a point &. 

This theorem follows directly from the preceding theorem by the usual limit- 
considerations, wherein it needs to be noticed that interval-sets /, I, satisfying 
the conditions 1, 2, 3 of that theorem aetually exist for every ¢ and interval-set 
J of the interval ah. 

Remark. If J is a single interval «’b'(a' < 5’) then obviously 


(17) | = | F(x) dx. 
JJz Ju! 


This remark is generalized in the following theorem : 
XI. For every interval-set J of the interval ab, 


n 
(18) | F (x) dx = | F'(x)dr, 


jz l=1 Ja, 


where the intervals a (a,< -l= 1 n) are the intervals of J. 
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For every interval-set J enclosing = we have, by the definition (11) of $ 2 


(19) >» "F, (a2) dex. 
J e/a, 


We introduce a set J which satisfies with respect to J and so with respect to 
every interval «), of J the conditions of theorem XI for ¢ =e’) (n + 1) where e’ 
is any particular positive constant. Then by theorem XI we have 


(21) | F(x) dx — F (x) dx = 
and then from (19), (20), (21) we have 


l 
from which the theorem follows at once. 

Remark. Theorem XI is to be understood as applying also to the case in 
which the symbol J denotes a non-existent interval-set, the constant in question 
having the value 0. Then in view of theorem XII it is evident that with 
respect to an interval-set J lying on the interval v) and a function F(x) =- 
integrable from « to } a definition of the symbol x x)dx might be given 
similar to that given in § 2 for the symbol ti J (x)dx with respect to a function 
J («) properly integrable from « to 5. 

XIII’. For every € there exists a 63 such that 


(23) | dx <eé 
| 


for every interval-set J satisfying the following conditions : 

(1) The interval-set J lies on the interval ab; 

(2) The length D, is less than 53 : 
and, moreover, in the first case, whenever J consists of more than a single 
interval, 

(3') The interval-set J has with respect to every interval 1 joining two con- 
secutive intervals of J the following property: either the interval 1 contains 
u point & or each of the adjoining intervals of J contains a point &. 

XT". In the first case: For every two positive numbe PSs €€ there erists a 
&°, such that 

(23) | F(x)dx| <e 
J, 


J= 


for every interval-set J satisfying the following conditions: 


| 
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(1) The interval-set J lies on the interval ab; 

(2) The length D, is less than &.,; 

(3”) Whenever J consists of more than a single interval. and has an inter- 
val | joining two consecutive intervals of J, and lying within the € -neighbor- 
hood of a point E, it has with respect to every such interval 1 the Sollowing 
property: either the interval 1 contains a point & or each of the adjoining 
intervals of J contains a point E. 

Note 1. The condition 3’ of XIII’ is satisfied in particular by interval-sets / 
satisfying the condition : 

(3”") Every interval of J contains a point E. 

Vote 2. For an interval-set 7 enclosing = }:"""\)" and of length less than 6! 
the inequality 


<—€ 
e = 
holds. This is a particular case of XIII’. With 6; replaced by 6,, it follows 
from the definition of the =-integral from a to b, in view of the relation : 


a) 


J, dx = F(x) dw, 
derived from theorem XII, together with $2 IV. 

Theorem XIII is for functions =-integrable a generalization* of the second 
lemma of $2 for functions properly integrable and it is proved by means of 
that lemma and theorem XI. 


i? 


We take a particular interval-set 7 enclosing = }2"")\' and of length D, less 
than 6?,,, and moreover, in connection with theorem XIII”, of intervals each of 
length at most e’. The function /’,(2°) is properly integrable from a to b. 

An effective number 6°, or, for the second theorem of the first case, 6°.,, is 
the smaller of certain numbers: viz., the number 6. connected with this fune- 
tion /’,(x) qua f(x) by the second lemma of § 2, and if 7’ consists of more than 
a single interval, the various lengths of the intervals joining two consecutive in- 
tervals of 7’. Thus an interval j of an interval-set J of length D, < 6; or 8. 
has points in common with at most one interval 7 of J. 

This number & or 6°,, is indeed effective. For the inequality (23) follows 
at once from the simultaneous inequalities : 


(24) | (w)de < he, 


* The inequality (23) of XIII holds if on the right « be replaced by 2° and on the left the 
absolute value of the =-integral over the interval-set J be replaced by the sum of the absolute 
values of the integrals over the constituent intervals of J. This is seen by considering sepa- 
rately the intervals yielding positive integrals and those yielding negative intergals. Cf. JoRDAN, 


loc. cit., p. 226, ll. 9, 10; pp. 224-5. 


| 
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F'(x)dx Sle, 


(25) F(x) dx 
JJ 


where J is an interval-set satisfying the conditions of theorem XIII. The in- 
equality (24) is by virtue of the second lemma of § 2, since ),<6,,. The 
inequality (25) is by virtue of theorem XI. 

And theorem XI is, indeed, applicable. For / lies on the interval «/, and 
/ encloses = }""""'" and is of length D, less than 6?,. Thus the double theorem 
XIII is proved, in the second case, and also in the first case, if J consists of a 
single interval. 

In the first case, if 7 consists of more than a single interval, we have further 
to prove that condition (3) of the hypothesis of theorem XI is satisfied. We 
consider the interval-sets J and J with respect to an interval / joining two con- 
secutive intervals j', j” of J. If 7 contains a point & or if j’ and j” each contain 
a point &, then an interval i of J enclosing /, if one there be, has with respect 
to / the property of condition (3) of theorem XI, that is, the interval i contains 
either on the interval / a point & or on each interval j’, 7’ a point &. For each 
point & lies in some interval of /, and since j’ and j” intersect / neither inter- 
sects a second interval of 7. If, however, / contains no point & and either 7 
or j’ contains no point &, then no interval i encloses /; for we have now to do 
with XIII”, and by hypothesis (3”), the interval / lies within the e’-neighbor- 
hood of no point &, while every interval i contains a point & and is of length at 
most 

XIV. The function F(x) is properly integrable from a to b and the in- 
equality : 


(26) [ Fe) dv — | F(x)dx <e. 


holds for every interval-set I whose length D, is less than 8) or &.*, and move- 
over, in the first case, whose interval-set I’, qua interval-set J satisfies the con- 
dition* (3') or (3") of theorem XIII, provided moreover (in each case) that the 
interval-set I contains the singular point-set Z of the function F(x) in such a 
way that if a singular point € is an extremity of an interval i of I it is singu- 
lay merely towards the interior of i. 

Note. This theorem is, in accordance with note 2 of theorem XIII, of the 
nature of an extension of the definitional property of the function F (#) Z-in- 
teqrable from a to b.—In particular, we see that the relation (26) holds for every 
jnterval-set I of length D, < & whose corresponding function F(x) is properly 


integrable from a to b, which contains 2, and, in the first case, whose every 


* The 6.., enters only in the first case and then only if the hypothesis imposes (merely) the 


condition (3”) of theorem XIII”. 
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interval contains a point — of =. Such an interval-set J obviously may per- 
haps not enclose =, for an interval i may have a limit-point &’ of = as an ex- 
tremity. 

We proceed to prove theorem XIV. The singular point-set Z was defined in 
$1 4°. From the final condition as to the interval-set Z it follows by the usual 
process of indirect proof that the function F’,(a) is on the interval ab every- 
where defined, single valued, and limited. It is moreover Z-integrable from « 
to b, by virtue of theorems III and IV of §2, and V and VIII of $3. Thus 
by theorem V of $2 it is properly integrable from « tod. Further by these 
theorems and theorem XII we have the equality: 


(27) | F(x) dx = | (x)dx = | F(x) du — | F(x) dx, 
Ja Ju J 


az az 


from which the theorem follows by virtue of theorem XIII. 

If the function is integrable from ato bh with respect to a closed 
point-set = of content zero, and if H is any point-set of content zero, such that 
=+H is closed, and which, moreover, in the Jirst Case, satisfies the condition 
specified below, then the function F(x) is (= + H)-integrable from ato b, and 


(28) | F(x) dx = | 
Ja Juz 
The set H in the first case has the following property: there exist on the 
interval ab at most a finite number of intervals a'h’ enclosing no point — and 
no point n and having for extremities points n which ave not points E. 
In the second case this theorem is evident, since the interval-sets 7 enclosing 


+ H broadly are amongst those enclosing = broadly. 


We proceed to prove the theorem in the first case. An interval-set A’ enclosing 


+ H narrowly is with respect to = separated into an interval-set Z enclosing 
= narrowly and a complementary interval set J perhaps not existent. 
With respect to a number e€ we shall prave that 


(29) F dx — <e 


for every such interval-set A’ of length D,<6!, where 6! is the least of the three 
numbers 6,,, e’, and 6!,.,, where e’ is a certain positive number to be specified 
in the sequel. 


Indeed the inequality (29) follows at once from the fact that the relations: 


(30) wv) | F(«) dx | dx 


Ju 


| 
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(31) («) dv F(x) dx 


(32) | F(x) dx 


hold simultaneously. Of these relations the first and second are clear, and 
the third follows from theorem XIII’’, in connection with the stipulations 
Dj» = Dy <8! <e', &3,,,. In order to secure this application of theorem 
XIII’ we are to determine the positive number e’ so that every interval / join- 
ing two consecutive intervals of J’ either contains a point & or lies within the 
e’-neighborhood of no point &. This determination is made by means of the 
final condition of the theorem. 

We denote by H* the set of points » = n* which lie on the interval a) and 
which are not points &; by H, the set obtained by adding to H* the points « 
and 4; and for brevity by -/, the set J’. 

An interval j of J contains a point 7 and no point &. An interval j, of -/, 
contains a point n, and no point £. Two consecutive intervals j), j,’ of J de- 
termine an interval a’}’ where a’ is that point n, of j, nearest to j\’, and where 
similarly }’ is that point », of 7,’ nearest to j’. These points «’)’ are definite 
points, for the sets H, on the two intervals j’ j’” are closed sets. This interval 
ab’ encloses no & and no »,—except perhaps within the interval / joining /j, 
and j\’. Now if 7 encloses no point & it encloses no interval i of J, and hence, 
since j’ j.’ are consecutive intervals of -J,, it encloses no point ». Thus the two 
consecutive intervals j’ 7.’ of J, determine a joining-interval / containing a point 
£ or else an interval «’)’ enclosing no point & and no point 7 and having for 
extremities points 7, . 

Now « enters as an »,-extremity of such an interval at most once, and like- 
wise 4 enters at most once. And by the present hypothesis at most a finite 
number of such intervals «'}’ with n*-extremities exist. 

We denote by 3c’ the least of the lengths of the various intervals «’)’ with 
n,,-extremities, setting 3e’ = 1, if no such interval exists. Thus e’ is a definite 
positive number. 

Then, since D), <e’, the intervals 7’ j,’ are each of length less than e’, while 
their interval ab’, whenever it contains no point &, is of length at least 3e’ 
and hence their joining-interval 7, whenever it contains no point &, is of length 
greater than e’ and so lies within the e’-neighborhood of no point &.—Thus 
theorem XIII” is available for the completion of the proof of theorem XVII. 

XVI. In the first case: Tf the Junction F(x) is S-inteyrable Srom a to b, 
and hence * Z-inteqgrable, if however it is not (Z+ H)-integrable, and hence * 


* Theorem VITA. 


f 

| 

j 
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not (= + H)-integrable, where H is a closed point-set of content zero, then there 
is at least one point €=€, of Z on ab at which F(x) fails either of progres- 
sive or of regressive (Z + H)- and so of (= + H)-integrability. Hence, by 
theorem XV, in every progressive or in every regressive neighborhood of such 
a point & there is an infinitude of intervals a’b’ enclosing no point — and no 
point n and having for extremities points n which are not points &. 

For if there were no such point ¢, then /’(#) would be (Z + H)-integrable 
on a) and hence from a tol. We need to recall the statements of 4° of $1, 
the definitions 2 and 3 and theorem IV of § 2, and the corollary of theorem V 
of $3. 

Remark. According to theorem XV _ the hypotheses of theorem XVI imply 
that the =-integral of F’(.°) is essentially narrow (that is, not broad). It has 
not been proved however that, in this case, there exists a point-set H for which 
the narrow (= + H)-integral of /’() is non-existent. 

XVII. If with spect to two closed point-sets =,H of content zero tio 
Junctions F(x), G(x) ave respectively integrable Srom a to b, and if, in the 
Jirst case, =, H are so related (for instance, as indicated in theorem XV) 
that each function is (= + H)-integrable from ato b, then F(x) +G (x) is 
(5 + H)-integrable from atob, and 


F av) dr G dx ( F (x) G (x) ) dx. 


This theorem is easily seen to be true. 


$4, 
CONCERNING THE ABSOLUTELY CONVERGENT *\°80" E-INTEGRALS. 
Definition. The \""""'" existent integral x x)dx is said to converge or 
exist (as a limit) abso/ute/y in case the integral ; F'(x)| dx exists jm’. 


Making suitable use of the references to the work of JorDAN and Srowz given 
in the introduction, the reader will readily construct the proofs of the following 
theorems. 

I. The upper limits 


F(x) dx 


with respect to a non-negative function F(x) on the set of all the interval-sets 
I enclosing = respectively narrowly or broadly are equal, Tf they are finite, 
the =-integral 


F(x) dx 


| 
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exists broadly and is equal to the common value of the upper limits. Con- 
versely, if the Z-integral exists (even) narrowly, then the upper limits are 
finite, and the E-integral exists broadly. 


II. If the integral 


dx 


exists (if narrowly, then broadly), then the integral 


J 


exists broadly, and hence as a broad integral it converges absolutely. Con- 


F(x) dx 


versely, if the latter integral exists absolutely (even) narrowly, it exists also 
absolutely broadly. 

III. Zhe broad and absolutely convergent =-integrals are in fact identical ; 
hence, the essentially narrow and the non-absolutely convergent =-integrals are 
in fact identical. 


CONCERNING THE GENERAL OR NARROW Z-INTEGRALS 


| F (w) da. 


1°. The following determination of the general point-set = lying on ab closed 
and of content zero is well known. 
Every finite or numerably infinite set /7 of intervals h, = «4,),(v=1, 2, 
--+,norv=1, 2,3, ---) lying everywhere densely on a) and no two having a 
common inner point determines a closed nowhere dense point-set =; and, con- 
versely, every closed nowhere dense point-set = of ab is so determinable by 
its “ point-free”’ intervals 2,. Every inner point « of ab not a point & lies 
lies within a definite interval h,. The points & together with a and + are the 
extremities a,b, of the intervals 4, and the limit-points of such extremities.— 


For later use I introduce subintervals ); = a/b; of the respective intervals 
h, =a,b,, with the understanding that =a, if 4,=a= not-&; b) =), 


if b, = b = not-€; and otherwise «, <a) <b; <)b,. 
The content of the set = so determined is a — b|— > a, —b,|, so that for 


our purposes 


(1) a, —b, = 


2°. We consider any such set = and have the following important theorem : 


* Addition of July 1, 1901. 


[| 
{ 
| 
| 
| 
| 
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THeoremM. For the existence of the narrow =-integral 


| F(x) dx 


— 
to 


a necessary and sufficient (twofold) condition is this, that 


(a) The narrow =, -integrals 


(3) F (x) dz (=, = (My, b, ) ); 


evist 
and, if = contains an infinitude of points, 


(8) The infinite series 


(+) > 


converges, where for every 0, denotes the oscillation on the N-interval a,b, of 
the continuous definite integral function 


(5) J (2) = dz. 


This sufficient twofold condition being satisfied, the integral (2) has the value 


(6) F (x) dx = F (x) dx 


As to the final statement, it is obvious that the terms of the series on the 
right of (6) are by (a) definite numbers, and that the series (6) if infinite is con- 
vergent by (8). 

The twofold condition is necessary. In fact, §3 V gives (a) at once, while 
(8) follows indirectly * easily from $3 XIII’. For the oscillation O, may be 
expressed in the form ; 
x 
(7) O, = F (x) de = F(x) de, 

JX (z 
where are points of «,), at which has its maximum and mini- 
mum values respectively. Now we suppose that the infinite series (4) diverges, 
and we consider any two positive numbers «6. In view of (1) there is an inte- 
ger v, such that 


The direct proof is equally simple. 
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Then in connection with the divergent series 


(9) 0, 


é 


there is an integer v,. > v,; such that 
AC 2 
(10) 2, O,>%. 


The terms O, of (10) separate into two sets according as V/ > V" or VY) < NX", 
and thereby determine two interval-sets J,, J, of intervals V/V), V/V", each 
lying on ab and of length less than 6, and each having the property that every 
interval / joining two of its intervals contains a point £, and furthermore either 
J, or J, qui J having the property that 


(11) | dx >e. 


And this result is in contradiction with §3 XIII’. 

It remains to prove that the twofold condition is sufficient. For a finite set 
= this follows at once from $2 III. We consider* then an infinite set =, so 
that y= 1,2,.--. For every ea 6, must be exhibited such that for every 
interval-set 7 enclosing = narrowly and of length D, <6, we have 


(12) | F(x)de—-> | F(w)de <e. 


vy 


v (=r) 


We denote by / the complementary interval-set on ad of 7’; J consists then of 


say m intervals a’,b',(v’ =v;7=1,2,---, m); thus we have 


(13) [ Fi@)a = | |  F(x)\dz. 
vu Ja’ 


Here we have denoted certain m indices v by v’. Denoting the remaining in- 
dices v by v”, we have the desired inequality (12) in the more convenient form 


(14) 


The series (4) converges, and there is an integer v_ such that 
€ 


<e. 


(15) 


VA 


* By slight modifications the proof of the sequel may be made to cover also the case of the 
finite set =. 


| 


| 
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The v, integrals 
| F (x) dx (v Be % 


exist, and there is a number 6. such that 


(16) 8 ( | 


if throughout 
(17) a,—b|) — 


This number 6, is the number desired: if 7 is any interval-set enclosing = 
narrowly and of length D, < 6, the inequality (14) will hold. For 


and so 


(19) <6,, an»—b,,| <6. 


By comparison of (16) and (19) we see that the indices v’ include the first v, in- 


dices v, y= 1,2,---,v,. Denoting the left member of (14) by Z, we have 


L => (J F («) de 


so that by (15) and (16) in view of (19) we have indeed the desired inequality 
( 14) 


| 


3°. The preceding theorem reduces the problem of construction of all narrow 
=-integrals essentially to the corresponding problem for the case = = (b), and 
this remark holds likewise if the integrand function F’ (x) is required to be on 
ab continuous except at points “= &. 

In 5° I exhibit by a known process an essentially narrow or non-absolutely 
convergent integral 


(20) | F(x) dx, 


and in connection with it develop examples designed to show the error of certain 


statements referred to in the introduction. 


‘ 
| 
v\=v 
€ 
\ 
t =). 
v\=y v 
=) 
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In 4° I use such an integral (20), for the case a) = 01, as the element for a 
simple construction according to the conditions of 2° of a =-integral for the 
general set = of ab, non-absolutely convergent in the neighborhood of every 
point &. 

4°, We denote by F(x) = ¥,, (x) a function on the x-interval 01 continuous 
except at « = 1 for which the integral 


v1 
| dx 


converges non-absolutely. A function = of similar character on 


a 


the interval wb (a4 =5) is given by the transformation 


= Vo (x), = (b a)x +d. 


Denoting the middle point of ab by c, we denote by x, (2) the function on ah 
everywhere continuous except at «and } which on ac is yy, («) and on cb is 
w(x). The functions y,,(«) are derivable from y,, (x) by the transformation 


(v) de 


converges, non-absolutely near a and b. 


used above. The integral 


Then with respect to any set = (1°) we construct a function F'(x) everywhere 


continuous on ab except at its singularities E and such that the integral 


converges non-absolutely near every point &. The function #’(x) is on a,b, the 
function OF Yur, if a, = a = not-€, or Vin, if b, = b = not-€. 
The effectiveness of this construction follows easily from the theorem of 2° 
since the oscillations O.,, O,,, O1,, of the integrals 


aX Xx xX 
| (a) dev (x) dr (a) dx 
a ((h)) 0 ((1)) Yala,t) 


on the respective intervals ab, 01, ab have the relations 
0,=0,,. 
5°. Construction of a function F(x) everywhere continuous on ab except at 
b, for which the integral 
(20) { de 


converges non-absolutel y. 


Trans. Am. Math. Soc. 22 
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We introduce any non-absolutely convergent series 


(21) 


—for instance, the modified harmonic series (vw, = — (— 1)"/v),—and further 


any infinite sequence // of intervals 1, = a,b,(v=1, 2,3, ---) lying progres- 
sively on ab, two consecutive intervals having no common inner point, and 6 be- 
ing the limit-point of each of the sequences (a,, @,, ---), (0,, 4,, +--+). 

Then we determine the function F() as follows. On the interval 1, F(x) 
is everywhere continuous, does not change sign, and vanishes at the extremities 


a,b,, and further 


(22) | F(x) de 


—for instance, y = F’() is given graphically by the two sides of the isosceles 
triangle of (signed) height w,2(4,—«,) on the base a,),. At points x of ab 
but of no interval a,b, F’(x) vanishes. 

Then indeed /’'(x) is everywhere continuous on ab except at» =. In view 
of (22) |F’(x)| has on A, an upper limit greater than |w,| \a, — b,|, and hence, 
since the series (21) is non-absolutely convergent, /’(~) has values indefinitely 
great positive and negative in every neighborhood of « = b. 

The narrow (/)-integral (20) is by definition (§ 2) 


X on ab aX 
(23) | F(x) dz. 
eda 
Now we have 
(24) | F (x) dz = > Ut bu 3 
where * XY lies on the interval ).)._, and @ is some number, 0=@=1. Hence 


it follows easily that 


(25) | dev = p Wis 


and similarly that _/’(x) is not ((%))-integrable from a to b, since the series 
dX diverges. 

Thus, the integral (20) is non-absolutely convergent, and so (§ 4 III) it is an 


essentially narrow (0)-integral. 


* We set =aand =0. 
v=l1 


| 
v=l1 
ii 
| 
| 


9 
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6°. Exhibition for the (b)-integral (20) with respect to any two positive 


numbers €6 of an interval-set J not containing the point b, Jor which 
(26) D, <8, F(x)dx >e.— 
J 


An example contravening HARNACK’S theorem 2. 

In accordance with the footnote to note 1 of the first definition of § 2 this 
exhibition furnishes a more direct proof that the (b)-integral (20) is essentially 
narrow. And it evidently serves to disprove HaRNACK’s theorem 2. 

In view of the convergence for vy = o of the intervals i, to } there is an in- 
teger v, such that 


(27) |a, <8. 


The series 


converges non-absolutely, and so contains a finite number (mm) of positive terms 
u, (vo =v,>v,3 2, ---, m) such that 


(28) 
For the interval-set J consisting of the m intervals /,, the inequalities (26) fol- 
low from (27) and (28). 

7°. Exhibition for the (2)-integral (20) (= = (b)) of « set H closed and of 
content zero such that the corresponding (= + H)-integral does not exist. 

The set H of all points a,b, (v= 1, 2,3, ---) and the point d has the desired 
property. This follows directly from the exhibition of 6° in view of $3 XIII’. 

This example serves to show the presence of errors in certain statements of 
Harnack* and Bropén* concerning the possibility of modifying the func- 
tional values of the integrand function at points of a set of content zero without 
altering the determination of the integral. 

8°. An example contravening JORDAN’s theorem 38. 

We have by 7° for the function /’(x) of (20) the (=)-integral existent and 
the (= + H)-integral non-existent, and furthermore = + H = H. 

Now we take by 4° a function G(x) for which the (H) = (= + H)-integral 
exists. Then the (= + H)-integral of /’(x) + G(x) is non-existent; for its 
existence would by § 3 II and XVII imply the existence of the (= + H)-integral 
of 

9°. An example contravening HARNACK’s theorem 3. 

The example of 8° is effective. For, if we set 


*Mathematische Annalen, vol. 24 (1884), p. 220, and vol. 52 (1899), p. 222. 


‘ 
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(29) = | F(x)dx, K(e)=( 
Jalz 

(30) L (x) = J (x) a K(x) ‘ 


the functions J(x), A(x), Z(«) are everywhere continuous on ab; further 


L(x’) — L(x’) = | (F + de 


for every interval xx” of ab containing no singularity € of F’(«#) + G (x); 
and the set of singularities Z = = + H is reducible; and yet by 8° the Har- 
NACK integral 

(31) | (F(z) + G (x)) dx 

Ja(Z 
does not exist. 

The HOLDER integral (31) however exists and its value is Z (0). 


The non-existent integral 


(82) de 
“a (Z+H) 


would afford a simpler example from the point of view of this paper. However 
from the original HaRNACK point of view one would object that the set of sin- 
gularities of (x) is = and not = +H. 

In the example given the integrand function F’(«) + G(x) is everywhere 
continuous on ab except at its singularities ¢. 


THE UNIVERSITY OF CHICAGO, 
June 12, 1901. 


7% 
i 
1 
| 
\ 


ZUR LINEAREN TRANSFORMATION DER #-REIHEN* 
VON 


F. MERTENS 


§ 1. 
Es sei w eine complexe Grosse, in welcher der Coefficient von i positiv ist, 
und zur Abkiirzung 


q = 
Definirt man die J-Reihen durch die Gleichungen : 
= > (- 1)" gr, 
eevee, 
(x, @) = re, 
(2=0, +1, +2, +3, ---) 


so besteht die lineare Transformation dieser Reihen in der Ersetzung von w 
durch + 6) (a + Bw), woa, 8, y, 6 ganze der Gleichung 


ad — By =1 
geniigende Zahlen sind. 
Wird zur Abkiirzung 
a+Po=N, y+so= MV 


gesetzt, so kann mit Hilfe der elementaren Transformationsformeln : 
@), 
in 
(x, 1 @) =e @), 
in 


(x, 1 a @) = e? @), 


1 @) = v(x, @), 
1 


* Presented to the Society (Chicago) April 6, 1901. Received for publication March 5, 1901. 
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> 


x 1 ims 


@ @ 


r 1 inc” 
iwe 3, (x, @), 


@ 
=V—iwe" 
-5) 


leicht gezeigt werden, dass (x/N, WN) die Gestalt ae" J, (x, hat, wo a, b 


Constanten bezeichnen. 
Ist nimlich 8 nicht = 0, so sei 8’ der kleinste nicht negative Rest von 6 in 


Bezug auf den Theiler 8 und 


=98+P', Y 


ga+a, 
y =—a, 8, 
a’ + B’o= N’, = M’. 


Es ist dann 


== 3¢ wee 


MN ) wird also die behauptete Gestalt haben, wenn (2/N’, 
sie hat. Die Ausdriicke 1/7’, V’ sind aber insofern einfacher wie /, J, als 
< ist. 
Ist 8’ noch nicht = 0, so kénnen ebenso Ausdriicke 
+ N” =a" + 


angegeben werden, in welchen |8"| < ist, und (x N, hat zugleich 
mit (« N”) die behauptete Gestalt. 

Durch Fortsetzung dieser Schliisse gelangt man zu einer linearen Transfor- 
mation (y°"? + 6) (a° + Be), in welcher 8” = 0 ist. Es geniigt daher die 
behauptete Gestalt von (#,.V, J/ fiir den Fall 8 = 0 nachzuweisen. 

Der Gleichung 

ao= 1 


zufolge ist dann a= +1 und daher 


é= 


Um die Constante 4 zu bestimmen, ersetze man x durch a+ NV. Es wird 


| 
4 
| 
a 
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\ 


und nach Forthebung von ae" (x, @) 


Es muss also 
SS. Bri = 0, b = 


sein. 


Die grésste Schwierigkeit bereitet die Bestimmung der Constante a. 


ferentiirt man die Gleichung 


M bx~ .9 
(+ ) (x, @) 


nach 2 und setzt hierauf x = 0, so ergiebt sich 


1 MW 


Es ist aber, wenn mit Herrn DEDEKIND 
n(w) = — 


gesetzt wird, 
(0, w) = 27 7*(o) 


1 
as ° 
N (@) 


und daher 


Die Bestimmung von a ist hierdurch auf die von »(J/ .V ) zuriickgefiihrt. 


In dem Folgenden soll der Ausdruck (J V) mit Hilfe der Formeln 


n(1+o)=e"n(o), 


n(-3)= — iw 


ermittelt werden.* 


* HERMITE, Liouville’s Journal, Ser. II., T. III. 
DEDEKIND, Friiiuterungen zum XXVII Fragment in Riemann’s Werken. 
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H. WEBER, Flliptische Funktionen und algebraische Zahlen und Zur Theorie der ellip- 


tischen Funktionen, Acta Mathematica, Bd. VI. 
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§2 


ITilfssatz. Es seien A, B von Null verschiedene complexe Grossen, deren 
reelle Bestandtheile nicht negativ und nicht beide = 0 sind. Zieht man die 
Quadratwurzeln “A, “# so aus, dass ihre reellen Bestandtheile positiv sind, 
so hat auch das Product “A “BZ einen positiven reellen Bestandtheil und ist 
daher derjenige Werth der Quadratwurzel “AB, welcher dieselbe Eigenschaft 
hat. 

Setzt man 

YVA=a+iad, YB=b+4+ i, 


so ist 
Awad—a +2iad, + 2ibb’, 
VAVB=ab—dal + i(ab’ + ba’), 
und nach der Annahme a, positiv, eine der Grossen — b” positiv, 
die andere nicht negativ. Ist etwa a* — a” positiv, so sind a + a’, a—a’ posi- 


tiv. Da ferner die Gréssen + b’, b —b’ nicht entgegengesetzte Vorzeichen 
haben und ihre Summe positiv ist, so ist eine derselben positiv, die andere nicht 


negativ. Daher ist auch eine der Grossen 
(a+ (6 —b’), (a— a’) (b + b’) 


positiv, die andere nicht negativ und ihre Summe 2 (ai — a‘b’) somit positiv. 


3. 


ur 


Es sei 


a+Po=N, y+so= 
wo a, 8, y, 6 ganze, der Gleichung 
aé — By =1 


geniigende, Zahlen sind, und es handele sich um die Bestimmung des Ausdrucks 
n(MN ). 

Es sind zwei Fiille zu unterscheiden, je nachdem aé oder Sy ungerade ist. 

Sind a, 6 ungerade, so darf a positiv angenommen werden, da man eintreten- 
denfalls die Vorzeichen aller vier Zahlen a, 8, y, 6 umkehren kinnte, ohne den 
Quotienten 1/ NV zu iindern. 

Es sei zuniichst 8 gerade und vom Null verschieden. 

Der absolut kleinste Rest 6, der ungeraden Zahl 6 — 8(y +1) in Bezug auf 
den Theiler 28 ist ungerade und liegt demzufolge, vom Vorzeichen abgesehen, 
unter 8. Setzt man 

6=98+8, 
so ist 


By, = 1 


th 
iy 
ja 
| 
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und yy, den Congruenzen 
g (mod 2), 


(mod 2) 


zufolge ungerade. Es sei ferner 8, der absolut kleinste Rest von § in Bezug 
auf den Theiler 25, und 
B=hé,+8,, 


so dass h, 8, gerade, a, ungerade sind. 
Bezeichnet a die Einheit mit dem Verzeichen von a, und setzt man 


a,=aa’, B=a8’, y,=ay, 


a+Bo=N’', 
so ist 
a’é’ — =1, 


a’ positiv und die Bestimmung von 7(J/ 1) auf die von n(V/'/V’) zuriick- 
fiihrbar. 
Man hat, wenn zur Abkiirzung 


a, + Bo = = M,, 


gesetzt wird, 


—N ,_™ , 
—N, iM, (M, iM, (M' 


wo die Quadratwurzeln, wie iiberall in dem Folgenden, mit positivem reellen 
Bestandtheil auszuziehen sind. Hiernach wird 


M iM, (M’ 
N ) => M, N, ). 


Bezeichnen ¢, >) die Einheit mit dem Vorzeichen von y, beziehungsweise 6,, 
so hat 8 der Gleichung 8 = (a6, — 1) y, zufolge das Vorzeichen von cd und jede 


335 
! M M 
M 
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der Gréssen iN/M,, —ivM,, — icdV einen positiven reellen Bestandtheil, da- 
her ist 
py 
— 
VN 
und sonach 
iv VN voi 
NM, Voi 

Ist 8, von Null verschieden, so hat es, der Gleichung 8, = (4,6, — 1)/7, zufolge, 
das Vorzeichen von a,é,‘y, oder acd und die reellen Bestandtheile der Grossen 
—iM/N,, —1/i0M,,—icdN’ sind positiv. Sonach ist 

& iM | 1 1 1 


l 
/—idN’ Voi=vN’, 


und demzufolge 
—iM, Voi 


Diese Gleichung ist aber auch noch richtig, wann 8, = 0 ist, weil dann a,6,’= 1, 


also 
a,=6,=a=)d, N’=1, 


—iM, 
ist. 

Die Einsetzung der gefundenen Werthe von “iN “/— iM, /N, ergiebt 


7 = = 
VaivN’ 


da aber 


ist, so wird 


ci im ~ 


=e? = 


Y aci 


1 (z 1 


und demnach 


| 
iil 
4 
| 
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Die Potenz 


t 


lisst sich mit Hilfe des LEGENDRE-J ACOBI’schen Zeichens vereinfachen. 


Die Identitit 
c(1 —a)=(1—a)a’y, + (a—1)(a'y, —¢) 
= (a’ —a)y,+ (a—a,)y, + ¢(a—1)(a'cy, —1) 
ergiebt nach Ersetzung von « — a, durch hy, 
c(1 —a) = Ay + —a)y, + 
und es wird daher, weil y, ungerade ist, 


c(l—a) =h+(a' —a)y, + (a—1)(a'cy, — 1) (mod 8), 


h+(a’—a) 1-1 a/cyy—1 
Es ist aber 
a 
(a’—a) a—a! a’—1 a—1 
=i? (—1)? (-1)? 


und nach dem quadratischen Reciprocitiatssatze, 


OE) 


Aus den Gleichungen 


B37 
a=hy,+4a,, 
— 
folgt iiberdies | 
a a a a }’ 
a’ a’ a’ a}\a 
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Somit wird 
a a 


Nach Ersetzung von 7"? durch p™ ergiebt sich daher 


l—a 1—a’ 


B\ i? M B\ i? 
n(y )=P (>) JN’ 


Der Factor p’**’ kann in zwei andere zerlegt werden, welche beziehungsweise 
nur von a, 8, y, 6 und a’, 8’, 7’, 8 abhiingen. 

Der einfachste Weg zu dieser Zerlegung beruht auf dem Umstande, dass die 
Produkte (a? — 1) (8? — 1), (vy? —1) (& —1) Vielfache von 24 sind. Denn 
einer der Factoren a2 — 1, 8? —1 muss nach dem FERMAT’schen Satze ein Viel- 
faches von 8 sein, weil a, 8 nicht beide durch 8 theilbar sein kénnen, und a* — 1 
ist ein Vielfaches von 8. Dieselben Griinde gelten fiir (y?7 1) (6;-—1). Es 
ist daher 
a? + 

_ (mod 24), 


1 
1 
und die Multiplication mit 7, / ergiebt 
g 
_., (mod 24). 
hey, hy, + 6,16, — 


Nach Ersetzung von ga, gf, hy,, durch y — y,, 6 — 6,, a—a,, B—A, folgt 
hieraus 


y =a(y—7,) + B(6—8,) — — 8) 
(mod 24), 
h = —a,) + 8,(8 — B,) — 
und man erhalt durch Addition 
g+h=ay—ay, + + 
+ 6,(a°B — a°8,) — (mod 24). 
Ersetzt man aber in den Identitiiten 
— a?B, = (a* + aa, + a7)(8 —8,) + (a+ 4,) (a8, — 4,8), 
aB —a,B,=(a+a,)(8—8,) +a8,—a,8, 
8 —B8, durch 46,, a8, — a,8 durch — 1, so wird 
§, — = (a* + aa, + ai) — hd, (a + 4,), 


as — af, hb (a + a,) 


ia 
| 
| 
i 
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und die Addition ergiebt 
(a8 — a?8,)=—a8+a8,—h + hd (a* + aa, +a’). 


Mit Hilfe dieser Gleichung nimmt die vorstehende Congruenz fiir g + /. 
wenn zur Abkiirzung 
A =ay+ 86 — af, 


A=ay +85 —a 


l 


) 
gesetzt wird, die Gestalt 
+ &C (mod 24) 
an. 
Nach Ersetzung von a durch Ay, + a, wird ferner 
C= (h? —h)y; + 3h’a,y, + 


Es ist also einerseits, weil 4* — 1 nach dem FERMAT’schen Satze ein Vielfaches 
von 3 ist, 


C= 0 (mod 3) 


und anderseits, weil / gerade, a, und y, ungerade sind, 


Ca +1) (mod 8) 
= 0 (mod 8). 


Da hiernach C ein Vielfaches von 24 ist, so folgt 
g+2h= A—A’ (mod 24), 


A—A’ 
= 9 


Diese Gleichung zeigt, dass der Ausdruck 


und man hat 


l1—a 
B\i? p-4 M 
a /N 
ungeiindert bleibt, wenn man von den Zahlen a, 8, y, 6 zu a’, 8’, iiber- 


geht. Letztere Zahlen besitzen aber dieselben Eigenschaften, welche bei den 


J+2h 
l—a 1—a’ 


P= 
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urspriinglichen Zahlen a, 8, y, 6 vorausgesetzt werden und sind insofern ein- 
facher, als |8’| <|8 ist. Denn es ist 


a’é’ — = 1, 


a’, 8’ ungerade, 8’ gerade, a’ positiv und < < |B. 


Ist 8’ noch nicht = 0, so kann eine neue Reihe von vier Zahlen a’, 8’, y', & 
ermittelt werden, fiir welche der vorstehende Ausdruck denselben Werth hat 
wie fiir a, 8, y,6. Dadie Zahlen |8), |8’|, --- eine abnehmende Reihe bilden, 
so fiihrt dieses Verfahren nach einigen Schritten zu vier Zahlen a“, 8”, y', 
6", deren zweite = 0 ist. 

Hiermit ist die Aufgabe in allen Fiillen auf die Bestimmung des vorstehenden 
Ausdruckes in dem Falle 8 = 0 zuriickgefiihrt. Dann ist aber 


3 0 
a=6=1, A=y, (5)=(7)=1. 


und der fragliche Ausdruck wird 
=p 


Somit ist bei geradem 8 


n(y)= piv NV 


Ist 8 ungerade, so ist 8 — a gerade, 6 — y ungerade, 


und daher nach dem vorhergehenden Falle 


M l+o B—a\ N 
l+o 


wo 
C= ay+(8—a)(6—y¥)(1 — a’) —a(B—a). 


C—A—1=(1—a’*)(ay — ad — By —1) 


Es ist aber 


= (a* — a) (26 — y) 


0 (mod 24), 


| 
| 
= 
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weil a® — a durch 3 und 8 theilbar ist, und 


@ 1 
7 @ n(— 


+e) 


~ @ 


/— iw n(w). 
Da iiberdies die Grossen iV w, — iw (1 + w), — iw positive reelle Bestandtheile 
haben, so wird 


— iw N 


und demnach 
/N — iw 
Nite 


Daher ist, wie bei geradem 8, 
M 
(x) 


Es sei Sy ungerade. Man darf £8 positiv annehmen. 
Man hat 


und daher auf Grund des bereits erledigten Falles 


B= B65 + ay — + af 


wo 


ist. Es ist aber 


§ 4. 
1 
| 
7) = 7) 
N 
| | 
@ |} 
= 
= =(—1)°? 
(53°) = (4) (a) (8) 
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und sonach 


1—8s 


—iN 


| 
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1 

| n( =i n(@), 

Y—iw No 
= 

i — 

i} 

| 


. 
/ 
\ 


